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Abstract

Two Steiner triple systems (STS) are orthogonal if their sets of triples are disjoint,
and two disjoint pairs of points defining intersecting triples in one system fail to do so in
the other. We define the quantity o(n) as the size of a maximum collection of pairwise
orthogonal STS of order n. Special starters in the finite fields are used to improve
the best known lower bounds on o(n) for prime-powers n = 1 (mod 6), n < 500.
Additionally, hill-climbing and isomorphisms are used together to show o(n) > 3 or 4
for certain other small n, including some orders n = 3 (mod 6). Asymptotic existence
for three mutually orthogonal STS is a consequence.

1 Introduction

A Steiner triple system (STS) of order n is a pair (V, B), where V is an n-set of e e ents
and Bis a o e tion of -s sets (tripes) of V' s h that e er pair of ee ents in V is
ontained in a ni e tripe of B The ne essar n eri a ondition n or ( od )
iswe - nownto es ient

Two STS, (V,B ) and (V,B ), are rt n lif
(i)B B , and
(ii) for , , , distint, ,, , , , B and , , , ., , B i pies

er STSde nesat ir element n ti n V ien () if and on
if ,, isatripe TwoSTS(V,B )and (V,B ) withthirdee entf n tions and ,



respe ti e ,areortho ona ifandon ifforeah  V theist( ( , ) ( , ) )
onsists of distin t ee ents none of whi he a This eri ation is a ed the 7t
n lity erti te

t an e he ed hand that there e ists a pair of ortho ona STS of order t that

there does not e ist s h a pair for orders or The reader is referred to for a

dis ssion of the histor of ortho ona Steiner tripes ste s e note here that the were

rst introd ed Sha hnesse in asa eansto ndin oo s ares After
h wor the spe tr pro e for ortho ona STS was o pete so ed in

The paper i es a des ription of the a orith s sed to nd an s a orders e
id pon these a orith s in this present wor et (n) denote thesi eofa a i

o e tionof t a ortho ona Steiner tripes ste sof ordern ere ord theres tin

for ater referen e

(n) rlln , ( od ),n ,
Se era other res ts on ernin (n) are nown These are s ari ed in the fo owin
three theore s

(n) rn no ()

The res ts of this paper wi 1 pro e pon an of the o ndsin Theore

An interestin estion is to onsider pper o nds on (n) ro the ondition of
dis oint o sets aone, there an e no ore than B n pairwise ortho ona
STS (V,B ) of order n t aso the e isten e of t a ortho ona STS of order n
i pies t a ortho ona s etri atins aresofordern ene (n) (n )

a ea etter onet red o nd oredis ssionon this pper o nd an e fo ndin

n the ne t se tion, we er ethea e rai ethods of init and ross toi pro e
the est nmown o ndson (n) for n ( od ) apri e-power ess than ater,



hi - i in is sedtohandeso es a a es(inparti ar,wewi showthat ( ) )

and we wi asoe hi it the rst nown o e tions of three pairwise ortho ona STS of

( od )order eare ite peased with these res ts as it was ori ina one t red in
that there wo d ne er e ortho ona Steiner tripes ste s for an order on r ent to
od o

trt r o r init i d

n what fo ows, thes  (prod t) of two sets is de ned to ethesetofa s s (prod ts)
ofee ents ta in onefro eahset Si iar ,thes (prod t)ofanee ent with
a set is the set of a s s (prod ts) of that ee ent withe er e er of the set The
fo owin onstr tion is essentia  that of ross

et e a nite ed of order , odd (so (od )) et e
s ro psof of inde  and , respe ti e hoose s h that ( )
ow . is a set of trip es whose tota di eren es e ha st So,
(, s s ) is a Steiner trip e s ste of order de e oped nder This STS
wi e denoted as
et e the ed of order (with enerator ) Then . and
, Then satis es the riterion a o e The trip es for in the

ase o sof (an STS( )) are th s )

» bl 7 bl bl bl

? 70 ? 7 ? 0

ow ounsider two STS, sa fro and A res tin states that these STS are
ortho ona if and ( )( ) are othin At thisti e, we notea enerai ation
of this whi h, tho h not as ee ant, o ers a he of ortho onait easi i1 pe enta e
ona o p ter

n re 1t nli n nly: , , rein istint sets in

ere



and .
« ) , it
C ) ; it (
T irst note that it is strai htforward to show that and iena o e areindeed
we de ned et and e the third ee ent f n tions for the two STS  ear ,sin e
70 ?
«, )
S ppose  ( )( ) A strai htforward o p tation i es

c . ) ) (. ) ,
(s ) C e ) ., 0 )) C C )

The other ases are si iar Sothe ist ( ( , ) ( , ) ) onsists of distin t
ee entsifandon if , , areindistin t osets of in onstr tion, these STS
are in ariant nder additi e shifts, so it is s ient to ere he ones h ist

em rs f ) ( )( ) ,it is ear that , , asinthe e aareawas
in distin t osets of in , hen e theres tin owe er, this e ais ore enera
ore a pe,inthe ed of order and are ortho ona e a , tnot
the test in
hen ( ) ise en, there aresi iar onditions for ortho onait ( twith ore ases)

This wi e treated in Se tion

The fo owin approa hisnow sedto idsetsof t a ortho ona STS of order
() eter ine the set of a s hthat ( )
() se e a to he ortho onait ofea h pairof res tin STS
() reatea raph of ortho onait etween theses ste sand nda are i e

rres tsares ari edin Ta e eow The o n pri iti e iststhe pri iti e
po no ias sed, (in the pri e ase , where is a enerator of ) Thene tfor
o ns ist then er of s ste s onsidered, the tota n er of ortho ona pairs, the
sieofa ar est i eintheortho onait raph (iin a ower o ndfor ( )), and the
a esof for in this i e ehae istedon those orders (od ), )
for whi h an i pro e ent on the est nown o nd for () is o tained A ta e with
o ndson (n) for other n wi e ieninthe on sion



e ns n () rsme (od ) it prime p er n

primitive | systems | edges | o( ) > | clique
6 14 0 3 363 1 54 30
3 14 34 4 34 5 30
103 5 6 1 5 65 5615466 4
151 6 3 4 4 14 4 1 3 555116 11 105 45
103 13
163 4 54 3 151 11 113 5 10
1 3 4 45 346 114 16 16 53 0
11 50 11 14 10 01 04131 4 16 1544 14
16316 1
3 3 56 1 5 615 1115 04 160 01 1
1 6 54 4 36 14 04 10 1331 1 1
3 3 56 1033 11 151 15 4 3 165 36114413
30 5 15 10 5 4 6 316 616 65 133
331 3 4 1 4 11 3 11510 5 5511 16 1
6 1 6 3 1
343 3 1431 5 3 35 6 5 4 3
6 5 54 5 6
36 6 4 1666 11 4 13 3 4153 3165 0 365
3 11 11 46 1 35 1 3031 15 4
43 15 104 3514 14 1016 10616033 1 6 3 0435
1140 45 334
463 3 3100 15 3335 1 310 6316 5 11514 36
166 441 354 3
4 3 114 4 15 16 3 3 3 350 5 10 101555 6
153466 1 36
4 104 3616 1 5 3 104331 45513 40 3 1
43035 34441 1 464

ere a ri her o e tion of Steiner trip e s ste sisintrod ed anao o s to the otient
starters in et e a nite ed of order with odd and As
efore, et es ro psof of inde and ,respetie S ppose isa
enerator for and et et s sy Then is a trans ersa of
(or ha f-set) in  in other words, and partition ~ The sa e onditions on an

ee ent as efore, na e that and ( ) , arantee ,

isadi erenefa i o er eneratin an STS



ow onsider (not ne essari distin t) ee ents , ,and s ppose

the set , e ha sts a set of oset representati es for in Then
, isasoadi erenefa i oer eneratin an STS or
( , , ) wewi write (, , The third
ee ent f n tion for this STS wi e denoted

et e the ed of order (with enerator )  ote sin e
, and Then s s s , , and

The edee ents and eon tothe oset ,whie and eon to
rther ore, , and , e ha st the respe ti e osets of in (with no

repetition) So ( , ) (, ) eneratesan STS The ase o sfor are

n pra ti e, it is so eti es the ase that is too ar e for a f onsideration of  pa-

ra eters o p tationsaresi pi ed here ta in , ,or ,with
the periodi in Theres tin STSwi e a ed aone, two, or fo r para eter s ste
respe ti e ora edorder, an ores ste s a res tfro onsiderin twoor fo r
para eters than fro st onsiderin one para eters ste s owe er, the ortho ona it
test eneraiin e a is ore strin ent when
et e el roer it r s pp se s
ener t r n is § T P T er ss me n ener tet eS S
no o in e ne : 0, O noo,
rin t
and  ( )
re s let

( ); (), and C )
ere () ( ) C ) »n ) en  n

re 1t nli n nlyite elements , re in istin t  sets in

r ser e rst that the notation introd ed is we -de ned e a se the ase o s
of for adi erenefa i Sin e thes ste s and are in ariant nder additi e
trans ation, the are ortho ona ifandon if( ( , ) ( , ) ) onsistsofdistin ¢
ee ents of that is, if

c ) CC ), ) | )



are a in distin t osets of in sin the notation in the state ent of the theore |,
these a e o p ted

and si iar ( , )
i , there is not tota haosa on theee ents , , S ppose that the para eter
period is , so that and si iar for the , where the indi es are od Then
ear for a ow if forso e itt rnso tthat () , then
( ) ( )
Th s and are in the sa e osets of in periodi it of the
and the di eren efa i ondition,it st ethat ( ) () and )
whi hint rni p ies that So ,and si iar for the ote that
when () ,thereisas a iss ewith and swit hin si n Tos ari e, the

distin t oset test of the theore 1is ess strin ent for ar er periods

or , we enerated a one, two, and fo r para eter STS
and a to ated Theore to id an ortho onait raph Then er of erti es,
ed es, and ed e densit of these raphs are presented in eow mnea h ase, the a i
i esiefondwas (n e a  weshow ( ) )

period | erti es | ed es densit

nder thero hesti ation that oththen erof para eters ste sanded e densit
of the para eter ortho ona it raph are proportiona to the th power of those an-
tities for one para eter s ste s, it see s reasona e to e pet ittei pro e ent when
onsiderin hi her para eters ste s Aftera ,thee peted i esieofarando raph
with erti es and ed e pro a iit is o owe er, it is ertain the ase that
indi id a orders a t rmo ttoad it ar er o e tionsof t a ortho ona STS when
ore para eters are onsidered



Two or fo r para eters were atte ptedfora ( od ) pri epower orders ess than

or so e of these orders, howe er, a ar est i ewasfo ndsi p a on one para eter
s ste s So es a orders eon tothis ass tsti arer t a orthoona o e-
tions are presented ater The res ts for the re ainin orders in this ass are presented

in the fo owin ta e iedee ent inthe o n 1 e represents that , where
for a s s ,isa on thes ste s presentinthe a i i e
e ns n () sin nep r meter systems T s me (od )
it primep er n

primitive | systems | edges | o( ) > | clique
4 3 3 14 3 4 45 5 1
61 | 1 14 5 41 4 13 46
11 3 5 4 33 10
16 3 15 4 1 114 5 1 6 5
135 ) 3 6 3 46 4 4
411 3 50 14 4 11 1
4 3 3 13 411 4
313 10 6 445 5 11 6101 146
33 3 10 4 403 4 1 10 O
361 11 5 10 3 ) 16 1
3 1
40 1 1044 6 06 164 6 355 1 141
433 3 ) 6 65 4 5 4 5
45 13 104 1 0 6 361 3 3 133 35 14

nthene tta e, we iei proed o ndson ( ) when two para eters are onsidered

na these ases The o n i e 1ies etors eneratin pairwise ortho ona
STS A sin etonentr inthis o n eans for ,
e ns n () sin t pr meter systems r s me (od )

1t prime p er n



primitive | systems | edges | a( ) > | clique
10 6 10 | 1433 6 B06) (0 )G 3)14 4 (4 4
11 35 13 6 5 (14 11 ) (14 43) (165 15) ( 0 164)
(03) (1 163)
6 616 | 4 1 61 1346 166 (4 ) (133 110)
5 616 | 4465 116 160 (1) (100 55) (10 1)
(4 5)(0 115) (136 35)
34 133 |1 3 1 6@4l1)(1 1 )(311)
(3 43) (164 ) (50 1) (55 3 5)
3 b} 1 6 (35 1 10 30 0 33 5 14 4 3
(33 5)@(30 )
11 1 3 151 10 | 400 01 (300134 (11 3)
3 3)B6 0B 30(3 5)

nes rprisin ni e onstr tion sin fo r para eter s ste sisnow i en

ereeist rmt lly rt nlS S T er
T et ( ), with enerator and ote for
The fo rs ste s with para eter ists ( N ¢ , , , ),
( , , , )and( , , , ) are ai ed to e pairwise ortho ona

The fo rsetsof ase o sare ien eow

e wi he that the rst two sets of starter o s  and (and a oe)for a
di eren efa i o er andthattheres tin STSareortho ona Thepairso rrin with

in , their third ee entsin , and the orrespondin pairso rrin with in are
ienintheta e eow otethe eftandri ht o nse ha st (the di eren e fa i
ondition) and the idde o n onsists of distin t ee ents of (the ortho ona it
ondition) Ana sis of the other pairs of s ste sissi iar



em r The rsttwo STS an edesri ed ore o pat as

? 9 7 ? 9 9 a‘nd 0 7 ? 9

n this a ternati e des ription, the and are onstant (period one), t the trans ersa s
sed de iate fro the s a , ,

t was shown in that pairs of ortho ona STS orrespond to 0o s ares or this
oo s areto es ew, ,thefo owin additiona ondition st hod

) L, o, o, , B and , , , , , B i pies

( ote is possi e)

Two ortho ona STS (V,B ) and (V,B ) satisf in (iii)are s e 1t n [ Thea e rai

ethods introd edsofar an eeasi odi ed to hand e this stron er re ationship tisan
eas onse en e ofthede nitionsthat twoa eian ro p enerated STS with thirdee ent
f ntions and ares ew-ortho ona ifand on if the set ( C, ) 5, ) )
e ha sts the non ero ro p ee ents n other words, the ortho ona it erti ate st
for a [ setinthe ro p Theore (andsi iar e a ) a e odiedfor
s ew-ortho ona it stip atin that a the ee ents , , ie in distin t osets
of f orse,itise a eas toa to atethisteston o p terand nd i esin
the res tin s ew-ortho ona s  raphs of the ori ina raphs +t is not o r intention to
ond t a thoro h ana sis here owe er, it sho d e reported that we often fo nd



i es of si e at east three t is nown that s ew-ortho ona pairs of STS arise fro

in- e eth starters in the nite eds ntheta e eow, afew ower o nds for the
a i n er of pairwise s ew-ortho ona STS of order , denoted ( ), whi hi pro e
pon this are noted

)

=
@]
=0
(==
=

uto or i nd

n this se tion we wi des ri ethe seofhi - i in te hni esto nd sets of ortho ona
Steiner trip e s ste s

An ¢t m rp ism of an STS (V,B) is a f n tion V. Vs hthat B B fs h
an ( iewed as a per tation) onsists of three esofe a en thn , the STS is
a ed yli S has ste isdeter ined o p ete (n ) se triples, or or it
representati es for See or for oreona to orphis softripes ste s e now
o tinea onstr tion for t a ortho ona - i STS ofordern (od ) Tae
the pointset V , with eneratin a to orphis ( ) and de ne the
ap As s a,s s riptsrepresent the se ond oordinate in the prod t A
standard hi - i (i ethea orith in )is sed to onstr tasetof(n ) ase
trip es, whi h when de e oped for aset Bof o ssothat (V,B) isortho ona to (V, B)
A rando hosen ase o , , either a ents a partia STS or rep a es a
o aread o erin one of the pairs in , pro ided the new s ste a sesno on it
with either ortho ona it ondition (i) or (ii) a the third e e ent re ation in the partia
desi n ondition (i) si p a o ntsto he in ( , ) erif in
(ii) is where the a orit of the o p tin ti e ies,sin eitin 0 esa oop o er a points
and the tests (when is de ned)

. C, )

as we as for and the other rearran e ents of , |,

rtho ona it of two STSis ear in ariant ndera o on ap So these ase trip es
at a prod e three pairwise ortho ona STS (V,B), (V, B), and (V, B) e ha e



had s ess with this ethod for n , with o p tation ti es ran in etween
se onds and an da s Theti e efore ndin aso tion depends part on a thresho d
para eter whi h restarts the hi - i  after repeated fai reto a ent the partia desi n
This para eter was set ro h proportiona to the tota n erof ase o s possi e
for the i enorder o p tin ti easo ariesa ordin to the opti i ationin o piin

and the patfor sed An e ha sti esear hofa - i STS of order re eaed no
desi n with the desired ondition

(n) rn P B B A A ]

T Three pairwise ortho ona STS of order n are presented e ow spe if in the

(n ) ase trip es for one s ste The other s ste s are o tained shiftin indi es

n 0 .01, 0 . 034,06 ,004,0375,
06 ,006,0635,045,05 ,00

n 01 ,04 ,03 .0 10,00 ,5 , 0 10
O 4,00 ,056,016,005,04 ,04
013,015

n 004 ,0311 ,0310,05 ,0 11,00 ,014,
0101 ,5 1011 ,036 ,00 , 01 ,0 1,0 ,
0 .01 ,05 ,0 4,03

n 004 ,0414 ,0 3,0 06 1 ,0 11 13
0 ,034,05 ,0 3,001 ,0013 11 ,01 4,
06 10,01 ,0413 ,0 1 ,0510 ,00 ,0 14 ,
01 , 03 5

n 043,061 ,0 1,0 10,01 ,141 |,
0 11 13 , 0 3 , 0101 , 0 5 , 00 15 , 0 416 , 00 4,
05 ,013 14 ,04 ,0 13,011 16 ,0 5 10 , 0 ,
0016 ,34 1 ,0 11 ,0 11 14 , 0 14

n 51 ,05 10 , 01 , 00116 ,04 11 , 0 13 15 ,
416 ,015 1 ,011 15 ,10 11 1 , 05 1 , 6 11 ,
1,0 10 ,06 14,0151 ,0 13,0 1 |,

6 10 ,0 10 11 , 1 1 ,013 3,01 1,00 14 ,
1 13,01 1 ,055 ,0 16

o O O O



n 04 ,013,01013 ,011 ,01 10,01 0,
0114 , 0 .0 14,011 0,001 ,015 1
0141 ,00 ,0 14,011 5,06 16 , 0 L0 14
01116 ,0 1 ,010 13,051 ,016 1 ,031 |,
o1 15,0 1 ,031 ,006,0 13,0 3 13

n o111 ,3 11,0 16,01 0,041 ,01 ,
01 1,01 14,0 15,013 0,061 ,06 |,

0 1,056,051 ,0 , 041,03 ,0101 ,
0 L0 11 14 , 1 13 , 0 ,00 0,0131 ,0 1 |,
041 ,016 0,0 11 ,0 14 1 , 01 , 0 15 |
0015 ,0 15

n 0 0 4, 4,01 3,0 0,0 3 ,0 11 14 ,
o 1 ,01 0,041 ,0 15,0 ,06 0,01 14 ,
0131 ,06 ,0141 ,00 ,0 10 6 1 3,

01 3,04 00 ,01 15,0 13,0335 ,04 15 ,
0 , 0 14 L0110 ,01 16,014,011 ,04
001 ,0101 ,0131 ,5 3

n 04 0,04 3,0 4,01 6,01 0,0 :

0510 ,014 4,01 1 ,046 ,03710 ,01 ,0 5,
o001 ,011 ,0 11,0 15,0 4 15 , 0 13 15 ,
01 4,0 1,00 0,013,0 5,01 1
0 1 ,0 13 , 016 13 , 016 0, 06 5 , 01 6 ,
03 1,010 16 ,0 14 14 , 0 15 1 , 0 0 6
0 016 , 0 1 L0 15 1

ote that the e a pesa o e are the rst for a esofn ( od ) where (n)

ne eas onse en e of Theore , € a , and the - 0s re of the e isten e

of t a ortho ona STSisnow 1 en

ere e ists s t t (n) r lin , (od ),mn

A onstr tion of ar itrari ar e setsof t a ortho ona STS of order ( od ) is
not nown at thisti e owe er, the fo owin see s er reasona e

TN (od ) i (n)



An STS of order n with an a to orphis onsistin of a sin e eof en thnis a ed
y li hen n ( od ),thedesi nisdeter ined (n ) asetripes The i

ropV with eneratin a to orphis wi e sed for the points of a
i STS here The asetripes anthen e hosenas er s mtripes, an appropriate
additi e shift et V. V e tip i ation ,and de ne toatoneah
o of Bee entwise S ppose the tip i ati e order of in is t is of interest
when B, , for o sets for pairwise ortho ona STS of order n The ase
when (and th s ) was st died S hrie er in The res tin o e ts
are a ed pp site rt n [ STS Thereisasi pe hara teri ation of when a i STS

(V,B) is ortho ona to (V, B)

yli S S(V,B)is pp site 1t nli n nlyitee sm
triples B e mn t emn repe te elements V

Thisfa t an ee poited in the sear h for se era pairwise ortho ona STSin an wa s
The ost fr itf ethod we fo nd was to rst hi - i  to an opposite ortho ona STS
(V,B),and then a tra orhi - i  toanother i STSs e ttoit ein ortho ona
to oth (V,B) and (V, B) This prod es a set of three pairwise ortho ona STS eha e
had s ess at this ethod for n Thes a e a pes were fo nd in se onds,

t the ar est onestoo afewda sonapara e o p ter n enera, whenthen er of

ase trip esissi 1ar,thisa orith appearsto e o para eine ien tothea orith

for ( od ) orders presented ear ier

(n) r ll n ? ? ? 7 ? 7
r  The threes ste sare ienforea horder speif in the(n ) ero-s ase
trip es for an opposite ortho ona STS, fo owed (n ) ase trip es for a i STS

ortho ona to oth the rsts ste anditsne ati e oteinea h ase the rst o e tion
of trip es are dis oint

n 13 635 101 15 14 1 1 43 4 5 3334
11 105 356 14 535 11 35
n 1115, 3 1 1, 333641, 4 34 , 441650, 5 335,

543 1 , 301 6



01 1 ,3 161, 4013 , 433631, 46 3 , 46 4 .4 35
536 , 5431 5

11 15 65 , 61, 646 51, 1,665 0, 3503 , 4114
114, 36346, 1 5,105 , 344 4,30 5 , 35 05
3 6
113, 4 , 3 54,6 1, 134, 0306 ,6 5 6 ,
1 4, 561 ,56 11,4 1 1,5 3, 45 5,5 6 4,
6 1 1
644 , 100 110 , 3 651, 16405 53,1 6,315 3
5010 3,4 1 5,456 , 11 13 , 10 36, 103 , 66 66,
5 3,63341 , 1 4,13 6 6, 53154
41 1, 5 , 10 34113, 13 1 , 4545 , 5 1 , 603 105
10 110 , 1146 , 30 350, 363 0, 16 5 , 50 6 , 6613 6,
60 , 553 , 133 5 , 1101103, 64 101 33
116 10 41 , 5,114 63, 411 0, 41 0, 353
10 5, 331111 , 1 10313, 4 511, 1435 4, 145130, 6105 5,
11 164, 100, 55 56, 3 1 11 65 3,101 1
1 3110 , 014, 66 40
010 114, 6 110, 50 6 1, 41015, 1036 3, 543
10 103 5, 10 , 1 3430, 1 055, 461 , 53166, 54 116 16 ,
4 , 105 6 , 61 54, 4166, 506 3 , 55 105, 5 3,

1 434,10 014

11544131, 5 413 , 31 104, 1441 1 , 1161 3, 4 603

13415141, 161 , 53504 , 3 1613 , 13 3111, 1343 , 345
154 0, 66110114, 6 135, 6 6 , 0 4 , 10 3 6, 140 116 34,
144 ,13 64 , 1 111 , 10 335

13 3 45, 11 1 , 61435 , 164465, 6 650, 115 53 40 ,

14106 , 546 4,6 153 ,4 31 , 3 3, 10514, 1 613

Y

461111 , 16353, 5 415, 41134 , 41 114, 30 5
41 36, 6611 14, 13 344, 1401 0

1

’

116 150 4, 015 101, 16 3, 113165, 14 5 144, 13 1
55535, 65 40,5 1310, 16 161 1, 151 33, 13 1141,
36410 , 4100156, 15 41 , 14 13 6 , 63 53 , 114 54, 311

7

?

141 11 , 14456, 10 5146, 15511 , 5613615 , 4 6 60

1 5 16, 15343 154, 50 , 163 4 145

6 14, 14 4161, 013 5, 0111104, 36 13, 66 ,
351304 , 11014 156, 1544101, 14 34 , 56 5, 13 16310 ,

13 511, 16 101, 4314 3 , 115 6, 14 314, 11 44

)



10 015, 3534, 11 0113, 30 10 , 656 , 1610 161 ,
3 104 , 413 6 , 46 3, 11411110 , 55 16

Another ethod for ndin three pairwise ortho ona STSisa aia ewhen (n) n this
ase, there is a pri iti e third root of nit i-1 in ona i STSs et
to ortho ona it to its and tip i ati e shifts has wor ed for s a n as we

sin as are root of and hi - i in to nd fo r ortho ona STS in two opposite
ortho ona pairs has aso wor ed, t prod ed on inor i pro e ents to o r ear ier
wor Thee a pes eoweah too on the order of a few ho rsd e to the ar en er
of restarts needed

(n) rn .
T or ea h of these orders, we i eas ro p oforder in ,fo owed a ist
of (n ) ase trip es for whi h the i s ste s enerated nder  tipi ation

are pairwise ortho ona  ote in ea h ase the o e tion of trip es is dis oint

n 7
6 6 , 3341 , 1 6366, 14 03 , 1 530, 154 1, 364565,
1 33, 56 ,5 64,4446 , 5 60
n ?
14 15 56 , 43 4 , 11 6 3,3 6 0,1 45, 335 , 36 50 4 |
314 , 1 3 ,41606 , 3 55 , 16 4 , 164, 1 63
n ?
33163, 13 4, 41 6 5,15 1,1 065, 4 6 :
466, 13640, 5 6 0, 10 5, 53 83, 4 , 35 60 ,
301, 4
An STS of order n with an a to orphis onsistin of a ed point and es
ofe a en thonthere ainin pointsis a ed -r t ¢ti n [ The pointset ( )
ist pia sed, with the se ond oordinate in the prod +t represented with s s ripts

The a to orphis is then ( ) ( ( )) As with i STS, a set of



ase o siseno h tospeif the desi n, and it is often re ati e fast tohi - i  to
a -rotationa STS that is ortho ona to so e or it shift of itsef or n and
these orders fai to ad it sets of ore than two pairwise ortho ona STS the ear ier
ethods So aran e of te hni es were atte pted sin -rotationa and -rotationa STS,
respe ti e eweres essf inshowin ( ) rsthi - i in toa -rotationa
STS that is ortho ona to a shift of its or its, and then hi - i in a ain to an ortho ona
ate of oth Thiswor eds rprisin fast tse era di erent initia pairs had to e tried
efore a ate to oth was fo nd

ere e ist t ree p ir ise rt nlS S T er
r e ow are the ase o s for a -rotationa STS ortho ona to its or it shift
de ned , fo owed ase o s for another -rotationa STS ortho ona to
ea h of these a e the res tin desi ns A, , and The ortho ona it erti ates

fo owinata ea ordin to this a ein

01 0 011 0 010 00 010
0 01 0 00 01 0 0 00
01 0 0 01 00 0 01 011
011 00 0 01 0 01 01 011 00
01 010 0 011 0 1 010
0 1 00 0 010 00 010
Q) Q) Q)
0|1 001 0 01 0 1 10 0|1 01 1 01
0 0 1 0 11 11 1 00 01 000O00O0
010 0 1 00 0011 01 0
0110 11 1 0 1 111 0 |0 1 1 00
0 010 1110 (100 01 0 1 1 010 0
0|1 1 01 1 0 1 01 0 11 00
1 01 01 01 01 01 01 01 01
orn ,nos essres tedfro thissa e ethod sin -rotationa STS and an order

two ap on the or its eneratin two of the threes ste s i- i in to asin e STS
ortho ona toea hofitsi a es nder an order three shift of its or its (( )( ), sa ) has
aso prod ed nores ts The fre en of partia desi ns en o ntered issin one ase

o see s toindi ate no trip e of pairwise ortho ona STS of order e ists ha in these
additiona properties



onc u ion

n the rst part of this paper we sed nite edsto onstr tarih o e tion of Steiner
trip e s ste s and then tested these for pairwise ortho ona, it sin this ethod we fo nd
new ower o ndsfor ( )for an pri e powers n the se ond part wee po ed
se era di erent ariantsofthehi - i in a orith for Steiner tripes ste sto et sets
of ortho ona tripes ste s (in enera ) for non-pri e power orders

tis ertain the asethat o p tin 1 itations, rather than none isten e res ts, are the
ain o sta ein ndin ar ersetsof t a ortho ona STS itho ta do t, hi her
otient starters and hi - i in an ndsti etter o nds howe er, there are e or

onstraints in storin ortho onait raphs, and ti e onstraints for pro a iisti sear hin

e on de with a ta e of the est nown ower o nds on (n) for n , with
referen es (theore s, e asor ta esin this paper or the ori ina so r e) mntriesin od
aree at nthe rsttwo o ns,a orders essthan are i en n thethird o n,
on orders ( od )are ien n thefo rthand fth o ns, on pri e-powers are
isted




C no d nt

The se ond a thor is ratef for the s pport of his S S award The on er
hi - i  sear hes were arried o t on a hines at the enter for Ad an ed o p tin
esear h at the a ifornia nstit te of Te hno o

r nc
0 O rn, i ons, athon, in,and A osa, e spetr m
rt n | Steiner triple systems, anad ath ( ),
init , mn es | rer A stra ath So (A) ( ),
init , Starters in e n min t ri | esi ns, ( o-
o rn and init , eds ) ress, n , ,
init and Stinson, 0o s ares and re ated desi ns, in  ntemp r 1y
esin  ery lle ti n S reys ( init and Stinson, eds) ohn
ie Sons, ew or , ,
es and ende sohn, S e 7t n [ Steiner triple systems o in es
( )’ -
i ons, ens s rt n [ Steiner triple systems rer ,Ann is rete
ath ( ),
i ons and A athon, e se dl lim in ¢ nstr t rt nl
Steiner triple systems, o in es ),
ross, mtem imlmn mer pir ise 7t n | Steiner triple systems

o in Theor (A) ( )

in and e eth, n rnis in ms res o in Theor ( ),
in and e eth, nten neistene Tt n [ Steiner triple systems
T er anad ath ( )s

Sha hnesse |, m esin rer , anad ath ( ),



S S hrei er, y li | Steiner triple systems 71t nlt ter ppsites is rete
ath (),

ais, mintril esins, e er , €ew or ,

, nstr tin r rt nl Steiner triple systems Ars o in ),



