SOLVING SOLVABLE QUINTICS

D. S. DumMmMIT

ABSTRACT. Let f(x) = x® + px3 + ¢gx2 4 rx + s be an irreducible polynomial of degree
5 with rational coefficients. An explicit resolvent sextic is constructed which has a rational
root if and only if f(x) is solvable by radicals (i.e. when its Galois group is contained in
the Frobenius group Fpg of order 20 in the symmetric group Ss). When f(x) is solvable by
radicals, formulas for the roots are given in terms of p, ¢, r, s which produce the roots in a
cyclic order.

It is well-known that an irreducible quintic with coefficients in the rational numbers
© issolvableby radicalsif and only if its Galois group is contained in the Frobenius group
Fyo of order 20, i.e. if and only if the Galois group is isomorphic to Fag, to the dihedral
group Dqq of order 10, or to the cyclic group Z /5Z. (More generaly, for any prime p, it
is easy to see that a solvable subgroup of the symmetric group S, whose order is divisible
by p is contained in the normalizer of a Sylow p—subgroup of S,.) The purpose hereisto
give acriterion for the solvability of such a quintic in terms of the existence of arational
root of an explicit associated resolvent sextic polynomial, and when thisis the case, to give
formulas for the roots analogous to Cardano’s formulas for the general cubic and quartic
polynomials (cf. [1], Section 14.7, for example) and to determine the precise Galois group.
In particular, the roots are produced in an order which is a cyclic permutation of the roots
(see the Remark before the examples below), which can be useful in other computations
(e.g. cf. [3]). We work over the rationals @, but the results are valid over any field K of
characteristic different from 2 and 5.

Letx1, x2, X3, X4, X5 be the roots of the general quintic polynomial x5 — s1x* 4 sox° —
s3x? + sax — s5 where the s; are the elementary symmetric functions in the roots. Let
F»y < S5 bethe Frobenius group of order 20 with generators (1234 5) and (2354). Then
the stabilizer in S5 of the element

2 2 2 2 2 2 2
0 = 01 = xTx2x5 + X7X3X4 + X53X1X3 + X5X4X5 + X5X1X5 4+ X3X2X4 + X X1X2

2 2 2
+ X4X3X5 + X5X1X4 + X5X2X3
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isprecisely Fo. Itfollowsthat 6, satisfiesapolynomial of degree6 over @ (s1, s2, 53, 54, S5)
with conjugates
0, = (1236, = xfxyc5 + xfxsx4 + x22x1x4 + x§x3x5 + x§x1x2 + x§X4x5 + x§x1x5
2 2 2
+ X4X2X3 + X5X1X3 + X5X2X4
03 =(132)61 = XJZ_X2X3 + xfx;;xs + x22x1x4 + x%xycs + x§x1x5 + x§x2x4 + xfxlxg
2 2 2
+ X X2X5 + X5X1X2 + X5X3X4
04 = (1 2)01 = x2 2 2 2 2 2 2
4 = (12)01 = x7X2X3 + X{X4X5 + X5X1X5 + X5X3X4 + X3X1X4 + X3X2X5 + XjX1X2
2 2 2
+ X3X3X5 + X5X1X3 + X5X2X4
O = (2 3)01 = x2 2 2 2 2 2 2
5 = (2 3)01 = x7X2X4 + X]X3X5 + X5X1X5 4+ X5X3X4 + X3X1X2 + X5X4X5 + X7X1X3
2 2 2
+ X X2X5 + X5X1X4 + X5X2X3
Or = (13)01 = x2 2 2 2 2 2 2
6 = (13)01 = x7X2X4 + XTX3X5 4+ X5X1X3 + X5X4X5 + X5X1X4 + X3X2X5 + XjX1X5

2 2 2
+ XjX2X3 + X5X1X2 + X5X3X4.

By computing the elementary symmetric functions of the 6;, which are symmetric
polynomials in xi, x2, x3, x4, x5, it is arelatively straightforward matter to express these
elements in terms of sq, s, 53, 54, 55 t0 determine the resolvent sextic foo(x) with 6 as a
root. By making atrandlation, we may assumes; = 0, i.e. that our quinticis

f(x):x5+px3+qx2+rx+s, (D]

in which case f2(x) is:
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foo(x) = x8 + 8rx® + (2pg? — 6p®r + 40r? — 50g¢s) x*

+ (—2¢* 4+ 21pg?r — 40p?r? 4 160r3 — 15p2gs — 400grs + 125ps?) x3

+ (p2q* — 6p3¢%r — 8¢*r + 9p*r? + 76pq?r? — 136p?r° + 400r*
— 50pg°s + 90p%qrs — 1400gr2s 4+ 625¢%s% 4+ 500prs?) x2

+ (—2pq6 + l9p2q4r — 51p3q2r2 + 3q4r2 + 32p4r3 + 76pqzr3 - 256pzr4
+512r° — 31p3¢3s — 58¢°s + 117p*grs + 105pq°rs + 260p2qr3s
— 2400gr3s — 108p°s? — 325p%q2%s% + 525p°rs? + 2750¢°r s?
— 500pr?s? 4+ 625pgs® — 3125s%) x

+ (¢® — 13pg®r + p°¢%r? 4 65p%¢*r? — 4p®r® — 128p3¢%r3 + 174%3
+ 48p*rt — 16pq?r* — 192p%r® 4 256r® — 4p°¢3s — 12p24°s
+ 18p8qrs 4+ 12p3¢3rs — 124¢°rs + 196p*qr?s + 590pq>r2s — 160p2qrss

— 1600gr*s — 27p’s? — 150p*q®s® — 125pq*s®> — 99p°rs® — 725p%q*rs®

+ 1200p3r2s? + 3250g°2r2s? — 2000pr3s? — 1250pqrs® + 3125p2s* — 9375rs%)

For the particular case when f(x) = x° + ax + b, this polynomial issimply

fao(x) = x® + 8ax® + 40a%x* + 160a>x> + 400a*x?

+ (512 a® — 3125 b*) x + (256 a® — 9375 ab*) 2)

Theorem 1. Theirreducible quintic f(x) = x>+ px3+gx?>+rx +s € Q[x] issolvable
by radicalsif and only if the polynomial f2(x) in (2) hasarational root. If thisisthe case,
the sextic f2o(x) factorsinto the product of a linear polynomial and an irreducible quintic.

Proof. Thepolynomia f(x) issolvableif and only if the Galoisgroup of f(x), considered
as a permutation group on the roots, is contained in the normalizer of some Sylow 5—
subgroup in Ss. The normalizers of the six Sylow 5-subgroups in Ss are precisely the
conjugates of Fyy above, hence are the stabilizers of the elements oy, . . ., 6s. It followsthat
f(x) is solvable by radicals if and only if one of the 6; is rational. By renumbering the
rootsasxy, ..., x5, We may assume 6 = 6y isrational, so that the Galois group of f(x) is
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contained in the specific group F» above. Since f (x) isirreducible, the order of its Galois
group is divisible by 5. It follows that the 5—cycle (1 2 3 4 5) survives any specidization
(this element generates the unique subgroup of order 5 in this F»). Because this element
istransitiveon 6, ..., 65 (in fact cycling them as 6,, ¢, 63, 84, 5), the remaining roots 6;
areroots of an irreducible quintic over @ (6) = @.

Theorem 1 providesan easy criterion for the solvability of ageneral quintic polynomial
(see the examples below). We now consider the question of solving for the roots of f(x)
when f(x) issolvable, i.e. solving for therootsxq, . . ., x5 intermsof radicalsover thefield
0 (s1, ..., ss5,0). We suppose the rational root of f>9(x) istheroot 6 above, so the Galois
group of f(x) iscontained in the version of F»y above. This determines an ordering of the
roots x; up to apermutationin Fa.

Let ¢ be a fixed primitive 5" root of unity, and define the function fields k =
0(s1,...,55), K = k@®),and F = Q (x1,...,x5), S0 that F(¢)/K is aGaois exten-
sionwith Fxy x (Z/5Z)* as Galois group. Define the automorphismso, t and w of F to
beo = (12345) (trivial on constants), T = (2 3 54) (trivial on constants),  : ¢ +— ¢
(trivial on xq, ..., xs).

Let A =]
f(x). Note that for a solvable quintic, the discriminant D is always positive: if the Galois

i<;(xi — x;) denote afixed square root of the discriminant D = A? of
group isdihedral or cyclic, then the Galois group iscontained in As, so that D isactually a
square; if the Galoisgroup isthe Frobenius group, then /D generates aquadratic extension
which isasubfield of acyclic quartic extension, soagain D > 0 (infact, D isthenthe sum
of two squares).

Define the usual Lagrange resolvents of the root x1:
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(x1, 1) =x1+x2+x3+x4+x5=0

ri=(x1,¢) =x1+x2¢ +X3§2+X4§3+x5§4

ra = (x1,¢%) = x1 4+ x28? + x3¢* + x4¢ + x5
ra = (x1, %) = x1 4 x20% + x3¢ + x42* + x5¢2

ra = (x1, % = x1 4+ x28* 4 x38> + x42% + x5¢

S0 that
x1=(r1+r2+r3+rs)/5
xo= (i + 34+ c%ra+¢ra)/5
x3=(3r+cr+itrs+¢?r)/5 (©)
xa= i+ ro+¢rs+¢%r)/5
xs=(Cr1+¢%ra+3ra+¢*ry)/5.

Write

(x1,2) = x1+ x2z + xszz + x4z3 + x5z4
with an indeterminant z (S0 z = ¢ gives the Lagrange resolvent r;). Expanding (x1, z)°
gives
Ri=r] = (00,0)° =lo+ ¢ +120° +15¢° + lag* (4.0)

where [y by definition is the sum of the terms in (x1, z)® involving powers z' of z with i
divisible by 5, I; isthe sum of thetermswithi = 1 mod 5, and so forth. Explicitly,

lo= 30x2x§x§ + 20x1x4x§ + 20xi’xpc5 + 20x2x3x§’ + xg + xg
+ x3 + x3 + x5 + 20x3xgxs + 30x5x3x4 + 30xZxx5 + 20x1x3x3
+ 30x%x3x2 + 30xZxfxs + 30x3x5xs + 30x5x3x2
+ 20x3x4x5 + 20x2x3x4 + 20125 + 30x1x5x2 + 30x1x3x5

+ 20x1x§x5 + 120x1x2x3%4X5 + 30x§x4x§ + 20)(3X2X5 (5.0)
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Iy = 20x1x3x3 + 30x7x4xZ + 5x7xp 4+ 10x3x7 + 10x7x3
+ Bxgxg + 10x5x3 + Bxgxs + 10x3x2 + 10x3x3 + 5xfxs

+ 5x1xg + 20x3x3x5 + 30x7x5xs + 30x1x5x5 + 20x1x3x4 + 30xpx5x

+ 20x2x3x5 + 20x2x4x3 + 30x3x2x2 + 60xZxpx3%4

+ 60x22)C3X4X5 + 60x1xzx§x5 + 60x1x2x3x§ + 60x1x§X4X5

I = 20x3x4x5 + 10x3x5 + 5x7x3 + 10x3x5 + 5x5x4 + 10x%x3

+ 10x3x5 + 5x1x4 + 5xgxs + Sxpxg + 10x3x2 + 30xFxpx]

+ 30x7x4x4 + 20x1x0x5 + 20x1x5x5 + 30x5x3x3

+ 20x2x3x§’ + 3Ox§x§)C5 + 30x1x§x§ + 60)632_)62)63)65 + 6OX1X§X3X4

+ 60x1x2)mx§ + 60x2x§x4x5 + 60x1x3x§)C5 + 20x3x4x§

I3 = 20x3x3x4 4 20x3x4x5 + 5x7 x4 + 10x2x3 4 10x3x2 4 10x5x3
+ 5x3x5 4 5x1x5 4 Sxoxg + 10x5x7 + Srgxg + 10x2x3

+ 20x3x,x3 + 30x2x3x7 + 30x2x2x5 4 30x1x5x2 + 30x2x2x2
+ 3OX§X4)C§ + 20x1x2xg + 20x1x2x5 + 60xfx2x4x5

+ 60x1x2x§x4 + 60x1x22x3x5 + 60x2x:.~,x§x5 + 60x1X3X4x§

I4 = 30x2xpx2 + 5x7 x5 + 10x3x2 4 5x1x5 4 Sxoxg + 10x2x3
+ 10x3x2 + 10x2x5 + Bxaxj + 10x3x5 + Bxgxg 4+ 20x3xox4
+ 30xfx§x3 + 30x§x§x4 + 20x§x3X5 + 20x1x§’x4 + 20)62)62)65
+ 30x3x4x5 + 20x1x3x5 + 30x1x4x5 + 60)6%)63)64)65

+ 6Ox1x§x4x5 + 6Ox1x2x3xf + 6Ox1x2x§x5 + 60x2x3x4x§

Similarly we have

Ry =75 =lo+ 158 + 11¢% + 1ag3 + 1p¢*
Ry =r3 =lo+ ¢ +1ag® + 115° + I3¢*
Ry =ry =1lo+1ss + 1382+ 13 + 112*

(5.1)

(5.2)

(5.3)

(5.4)

(Notealso that setting z = 1 showsthat lo + 11 + 1o + I3+ 14 = (x1 + x2 +X3+X4+)C5)5.
Inparticular, if s; = 0wehavelp = —1; — I, — I3 — I4.)

4.2)
(4.3)
(4.4)
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The Galois action over K on these elements is the following:

Theeements iy, I1, I, I3, I4 are contained in thefield F and arefixed by o.

tlo=1lp and thi=b, th=l, tla=l, thh=I

and the action on the Lagrange resolventsis given by

4
orn=¢n Tr = wry =r3
_ 3 _ _
orp=2¢_"r Trp =wro =r1
(6)
0r3:g‘2r3 Tr3 = wrz =ry
O‘I"4ZC1F4 Trg = Wrg =13

It follows that I € K and that I4, I», I3, 4 are the roots of a quartic polynomial over
K andthefiedld L = K(l1) = K (1, I, 13, 14) isacyclic extension of K of degree 4 (with
Galois group generated by the restriction of T = (2 354) ). The unique quadratic subfield
of L over K isthefield K(A). Thefield diagram is the following:
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F(¢) = O (x1, x2, X3, X4, X5, )

(w2 ¢ 23)

F = Q(X]_,Xz,)Cg, X4, X5) L({)
|

| (0 = (12345))
|

L=K(1)=K(1,12131s)
|
K(A)  (t =(2354))
|
K = k()

k = Q (s1, 52, 53, 54, S5)

Since the Galois group of L/K is cyclic of degree 4, it follows that 4, I5, I3, 14 are
the roots of a quartic over K which factors over K (A) into the product of two conjugate

[x% 4+ (T1 + T2A)x + (T + TaA)][x* + (T — ToA)x + (T3 — TuA)]

with Ty, T», T3, T4 € K. Therootsof one of these two quadratic factorsare {14, I4 (= 7°11)}
and therootsof theother aretheconjugates{l, (= tl4), I3 (= t311)} for the specific/; defined
in equations (5.1-5.4). We may fix the order of the factors and determine the coefficients

T; explicitly by assuming that the roots of thefirst factor in (7) are {l1, I4}. Then

1+ 1y =—-T1 — THhA
I+ 13=—-T1+ THA

lils = T3+ T4
Iols = T3 — ThA
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which defines the T; as explicit rational functionsin xi, ..., xs. Writing these elements
as linear combinations of 1,0, 62, ..., #° with symmetric functions as coefficients would
be relatively more straightforward if Z[sq, ..., ss][#] were integrally closed in K, but
unfortunately thisis not the case. We proceed as follows. In arelation of the form

P = ag 4 010 + @202 + a30° + a40* + as6°®

where the «; are rational symmetric functions, if we apply the automorphisms (1 2 3)
and (1 2) (which generate a complement to F»g in Ss and so give the automorphisms of
K = k(0)), we obtain the system of equations

P = ag+ o161 + 0207 + asb? + a4y + asb;
(123)P = ap + 162 + @203 + azb3 + aqb5 + as65
(132)P = ag + 163 + @205 + 033 + 043 + asf;

(12)P = ag + o164 + 0207 + 0307 + a0 + asb;
(23)P = ap + @165 + 0202 + w362 + w462 + as6?

(13)P = ap + a16p + 0202 + 363 + aabg + st

from which we may solve for the ¢; using Cramer’s rule. The denominator appearing in
Cramer’sruleis the Vandermonde determinant — [, _; (6; — 6;) and itisnot difficult to see
that thisis A3F where F is a symmetric polynomial. In particular, if P is a polynomial,
this gives a bound for the denominator necessary for the rational symmetric functions «;
(since then the numerator in Cramer’s rule is a polynomial).

As apractical matter, the computations of the relevant symmetric functionsis done by
first computing the weights and degrees of the polynomial inthe numerator of Cramer’srule
for each «;, then determining which symmetric monomiasin sy, ..., s5 are involved (for
examplethere are 258 monomial sof weight 50 invol ved in the computation of the numerator
of ag for T;). The problem then isto determine explicitly the coefficientsinvolved in writing
agiven polynomial (expressed asadeterminant) asalinear combination of thesemonomials.
Because of the high weights involved, it is impractical to simply expand the appropriate
polynomiasinxy, ..., xs and apply theusual lexicographic agorithm. Itisalsoimpractical
to substitute simple values for x1, .. ., x5 into these polynomial identities and then solve
theresulting linear system of equations, since a sufficiently independent choice of variables
to produce a determined system of equations produces relatively large (viz. 258 x 258)
matrices with large entries (viz. ~ 10°%),
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The computations here were performed first by solving equation x® — sqx® + sox3 —
s3x2 + s4x — s5 for the roots x1, . . ., x5 to sufficiently high precision (typically ~ 100
digits) for a given set of values of s; = 0, 5o, ..., s5 (for example, with s, = s5 = 0 and
sufficiently independent integer valuesfor s3, s4), then computing the determinant involved
in Cramer’sruleand rounding to achieveasystem of equationswith relatively small (~ 10%°)
integer coefficients. By judicious choice, the number of equationsis manageable (involving
only the monomials without s1, s, and s5 for example). When all such “easy” coefficients
were determined, a p—adic approach was used: equation (1) was solved for xq, ..., x5 t0
sufficiently high precisionwith s; = 0, s, (say) equal to aprime p, and s3, s4, s5 sufficiently
independent integer values. The determinant was calculated and the value of the known
monomials subtracted, giving a value V which should be an integer (which was rounded
after checking). If n is the smallest power of s, appearing in the remaining monomials
to be determined, then V/p" should be an integer (providing another useful check on the
computations), namely the sum of the values corresponding to the remaining monomials
when the exponent of s, has been reduced by . In particular, V/p" mod p corresponds
to those remaining terms whose original exponent of s, was precisely n. Solving such
systems, we can determine the coefficients mod p for the termsinvolving first 59, then for
the terms involving s3, etc. , which reduces both the number of equations involved and
also the size of the coefficients (namely, < p) of the system considerably. Performing this
p—adic computation for several primes p then determinesthe coefficients. In practice, these
terms were determined modulo the first 8 primes greater than 1000, and the coefficients
determined modul o the product of thefirst and thelast 7 of these valuesto be sure the values
were in agreement. Once the coefficients were determined, they were checked.

Writing
lo = (ap + a16 + a0 + az6® + a,0* + as0®)/F (8.0)
and
Ty = (b1o + b116 + b120” + b136° + b1a0” + b156°)/(2F) (8.2)
Ty = (b + b216 + b20? + bz + bas* + bps6°) /(2D F) (8.2
T3 = (bao + ba16 + b320? + b6 + bu6* + b3s6°)/(2F) (8.3)
Ty = (bag + bar0 + bazh? + bag6® + basd* + bas0®) /(2D F), (8.4)

the values are given explicitly for the general polynomia f(x) = x>+ px3+gx?2+rx +s
in the Appendix in terms of p, ¢, r, s. For the particular case when f(x) = x° + ax + b,
these values are



SOLVING SOLVABLE QUINTICS

Ty = (512a° — 15625b* 4 7684”0 + 41640 + 1124°6°

+ 24a6* + 46°) /(50b>) (8.1)
T, = (3840a° — 78125b* 4 448040 + 24804302 + 760a°0°

+ 140a6* + 300°) /(5124°b + 6250b°) (8.2)
T3 = (—18880a° + 7812506* — 3424046 — 21260a°6>

— 59800263 — 125546* — 2400°) /(2b?) (8.3)
T4 = (68800a° + 2500040 + 11500402 + 3250a26° + 37546*

+ 1000°)/(5124° + 6250b6%) (8.4)

If we compute these expressionsin terms of our given rational 6, and choose a specific
A asour square root of D, then theroots of the quadraticsin (7) give us {l1, [4} and {I5, I3},
up to a permutation of the two pairs. This is not sufficient to solve for the resolvents
R1, Ry, R3, R4, however, since for example if our choice of the roots in fact corresponds
to {l1, I3, I2, I4}, then we do not simply obtain a permutation of the R; (this permutation is
not obtained by an element of F,p). Thisdifficulty is overcome by introducing an ordering
condition. For this, observe that (I; — I4)(I, — I3) = OA for some element O € K.
Computing this element as before, write

O = (00 + 010 + 020% + 030° + 046* + 056°) /(D F) 9)

where again the values of oy, ..., o5 for general f(x) are given in the Appendix. For the
special caseof f(x) = x° 4 ax + b we have:

O = (—1036800a° + 48828125h* — 228000040 — 12915004362

— 3995004%60°% — 76625a6* — 161000°)/(256a° + 3125h%). 9)

For any specific quintic f(x), choose a square root A’ of the discriminant D, then
define the roots of the first quadratic in (7) to be /; and /;, and the roots of the second
quadratic to be I; and /5, ordered so that (/] — 1,)(I5 — 15) = OA’. If our choice of square
root A’ is the same as that corresponding to A determined by the ordering of the roots
above, then our choice of 11, 15, 15, I is €ither 1, I, I3, 14 OF I4,13, [, [1. If our choice of
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square root A" corresponds to —A, then our choice of [, 15, 15, 1 is either [y, I4, [1, I3 OF
I3, 11, 14, I. The corresponding resolvents computed in (4.1-4.4) are then smply permuted
(namely, (R1, R2, R3, Ra), (R4, R3, R2, R1), (R3, R1, Ra, R2), (R2, R4, R1, R3), respec-
tively), which will simply permute the order of the roots x; in (3), aswe shall see.

It remainsto consider the choice of the fifth roots of the R; to obtain the resolventsr;.
We now show that given R; = r2, each of the five possible choices for r; uniquely defines
the choicesfor ry, r3, r4, hence uniquely defines the five roots of the quintic.

Consider the expressions r1r4 and r,r3, which by the explicit Galois actions above are
fixed by o, Tw~! and by 72, hence are elements of the corresponding fixed field K (A+/5).

As mentioned above, the discriminant D for any solvable quintic is a positive rational
number. It follows that under any speciaization, the elements r1r4 and ror3 are elements
of thefield @ (v/5D). Sincethe r; are uniquely defined up to multiplication by afifth root
of unity, this uniquely determines r4 given r, and r3 given r,. It remainsto see how r; is
determined by r;.

Consider now the elements r172, rar, rqr2, ror2, which are invariant under o and
cyclically permuted by both  and w. It follows that these are the roots of a cyclic quartic
over K, and that in particular

rirg 4 rars = u + vAV5

rar? 4 ror? = u —vAV5 (10)
for someu, v € K, where /5 isdefined by the choice of ¢: ¢ + 1 = (—1+ v/5)/2.

Lemma. Given ry thereisaunique choiceof ry, r3, rq4 suchthat rirs, rors € K(A V/5) and
such that the two equationsin (10) are satisfied.

Proof. We have already seen that 1 uniquely determinesr, and that r, uniquely determines
r3 by the conditions r1rs, rors € K (A+/5). It remains to show that r; uniquely defines r,
subject to the equationsin (10).

If r, were replaced by er, for some nontrivial fifth root of unity ¢, then r3 would be
replaced by ér; (Whereeé = 1) sincetheir product must liein K (A+/5). If thisnew choice
for r, and r3 (together with thefixed r, and r,4) a so satisfied the equationsin (10), wewould
have
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V1V22 + 7’4r§ =u+vA «/5 rl(erz)2 + r4(€r3)2 —u+4+vA \/E
and .
Vsrf—i-rzrf:u—vA\/g (Erg)r12+(er2)rf=u—vA\/§

Equating the expressions for u + vA+/5 gives

2 =2
a2 1—e€2
41"3 €

and equating the expressions for u — vA+/5 gives

r12r3 _ 1—¢ .
rfrz 1—¢€ '
These two equations give
r
(=)P°=1
r4

which impliesthat r1/r4 is afifth root of unity. Thisisa contradiction, since this element
generates a quintic extension of L(¢) which survives any speciaization (the order of the
Galois group of theirreducible f(x) isdivisible by 5), and completes the proof.

The elements # and v are computed as before:

u=—25¢q/2
v = (co~+ 160 + c20% + 30> + c40* + ¢56°) /(2D F) (11)

where the coefficients ¢; for the general f(x) are given in the Appendix. For the special
case of f(x) = x°+ ax + b these are;

u=~0

v = (—2048a" + 25000a%b* — 30724%0 — 6250ab*0 — 1664a°0>

— 3125b%6? — 44840° — 96a°0* — 16426°) /(32000a°b° + 390625h")
(11)
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Theorem 2. Supposetheirreducible polynomial f(x) = x>+ px3+gx?+rx+s € Q[x]
is solvable by radicals, and let 6 be the unique rational root of the associated resolvent
sextic foo(x) asin Theorem 1. Fix any squareroot A of the discriminant D of f(x) and fix
any primitivefifth root of unity ¢. Definely asinequation (8.0), and definel,, I, and l,, I3 to
be the roots of the quadratic factorsin (7), subject to the condition (1 — I4) (I — I3) = OA
in (9). Then the Galoisgroup of f(x) is:
(a) the Frobenius group of order 20 if and only if the discriminant D of f(x) isnot a
sguare, which occurs if and only if the quadratic factorsin (7) are irreducible over

0 (VD),

(b) thedihedral group of order 10 if and only if D isa square and the rational quadratics
in (7) areirreducible over Q,

(c) the cyclic group of order 5 if and only if D isa square and the rational quadraticsin
(7) arereducible over Q.

Let -, beanyfifthroot of Ry in(4.1), and let ro, 3, r4 bethe corresponding fifth roots of
R2, R3, R4 asinthe Lemma above. Then the formulas (3) give therootsof f (x) intermsof
radicalsand x1, x», x3, x4, x5 are permuted cyclically by some 5—cyclein the Galois group.

Proof. The conditions in (a)-(c) are smply restatements of the structure of the field L =
K (l1) = K (I, I2, I3, I4) under specialization.

We have already seen that the choice of A and the roots I; of the quadratics deter-
mines the R; up to an ordering: (R1, R2, R3, R4) or (R4, R3, R», Ry) if the choice of A
is the same as that in the computations above, and (R3, Ry, Ra, R2) oOf (R2, Ra, R1, R3)
if the choice of A is the negative of the that used in the computations above. It is easy
to check that the corresponding resolvents r; arethen ssmply (rq, 2, 3, ra), (r4, r3, 2, 1),
(r3, r1, 14, r2), & (r2, r4, r1, r3), respectively (thisis the action of the automorphism t =
(2 35 4) above). The formulas (3) then gives the roots x; in the orders (x1, x2, x3, X4, Xs5),
(x1, X5, X4, X3, X2), (X1, X3, X5, X2, X4), and (x1, x4, X2, X5, x3), respectively. Interms of the
5cycles = (12 345) above, these correspond to cyclic permutations by o, 01, o2 and
o3, respectively.

Finally, any choice of primitive fifth root of unity ¢ produces precisely the same per-
mutations of theroots x;, sotherootsof f(x) are producedinacyclic ordering independent
of al choices.

Remark: Suppose f(x) € @[x] is an irreducible polynomial of degree n whose Galois
groupis, for example, known to be the cyclic group of order n. If therootsof f(x) aregiven
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(numerically in €, say), how can one order the roots so that they are cyclically permuted
by some element in the Galois group? For n = 5, a solution is provided by Theorem 2,
and the situation for n = 4 is solved implicitly above (thisisthe reason for considering the
factorization in equation (7) and the ordering condition (I; — I4)(I> — I3) = OA). Such
orderings are necessary in the computation of regulators as in [3] and the question for
general n seems an interesting one.

n=4isaso

Examples

(1) Let f(x) = x°+ 15x + 12, whose discriminant is D = 2193%5°. The corresponding
resolvent sextic foo(x) isthe polynomial

x® + 120x° + 9000 x* + 540000 x2 + 20250000 x2 + 324000000 x,

which clearly has & = 0 as aroot. It follows that the Galois group of f(x) is the
Frobenius group Fy and that f(x) is solvable by radicals. Letting A = 7200./5
where¢ + 71 = (—=1+ +/5)/2, theroots 4, I», I3, 14 of the quadraticsin (7) (subject
to the ordering condition in (9)) are

l; = —375 — 750v/5 + 75i1/ 625 + 29v/5
I3 = —375 — 750v/5 — 75i\/ 625 + 29v/5
I, = —375+ 750v/5 — 75i\/ 625 — 29v/5
I3 = —375 + 750v/5 + 75i/ 625 — 29v/5.

Then

Ry = —1875 — 75,/ 1635 + 385v/5 + 75,/ 1635 — 385v/5
R4 = —1875 + 75y/ 1635 + 385+/5 — 75,/ 1635 — 385/5

Ry = 5625 — 75\/ 1490 + 240v/5 — 75\/ 1490 — 240V/5

Rs = 5625+ 75,/ 1490 + 2401/5 + 75/ 1490 — 240V/5.

Viewing these asreal numbers, and letting 1 bethereal fifth root of Ry, it followsthat
the corresponding r,, r3 and r4 are the rea fifth roots of R,, Rz and R4, respectively,
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and then (3) gives the roots of f(x). For example, the sum of the real fifth roots of
R1, Ro, R3, R4 above gives 5 times the (unique) real root of x° + 15x + 12.

Let f(x) = x° — 5x + 12, whose discriminant is D = 2258, The corresponding
resolvent sextic foo(x) isthe polynomial

x® — 40x® + 1000x* + 20000 x° + 250000 x2 — 66400000 x + 976000000

which has6 = 40 asaroot, sothat f (x) has solvable Galois group. Sincein this case
the quadratic factorsin (7) are x? + 1250x + 6015625 and x2 — 3750x + 4921875,
which areirreducible over @, it follows that the Galois group of f(x) isthe dihedral
group of order 10. Letting A = 8000 the roots I4, I, I3, I4 of the quadratics in (7)
(subject to the ordering condition in (9)) are

l; = —625 + 750¢/—10

= —625 — 750,/—10
I, = 1875+ 375¢/—10
I3 = 1875 — 375,/—10

Then

Ry = —3125 — 1250+/5 — ?\/ 100 + 20v/5 — 3—25\/ 100 — 20+/5
R4 = —3125— 1250/5 + ?\/ 100 + 20v/5 + 3—75\/ 100 — 20v/5
= —3125 4 1250v/5 + 3—75\/ 100 + 20/5 — 750\/ 100 — 20v/5

\/ 100 — 20/5

Again viewing these as real numbers, and letting r; be the real fifth root of R4, it

\l
O

375 5
= —3125+ 1250+/5 — — 100 + 20v/5

follows that the corresponding r», r3 and r4 are the red fifth roots of R,, Rz and Ry,
respectively, and then (3) gives the roots of f(x). For example, the sum of the real
fifth roots of Ry, R2, R3, R4 above again gives 5 times the (unique) real root in this
example.

Let f(x) = x% — 110x3 — 55x? 4 2310x + 979, whose discriminant is D = 529114,
The corresponding resolvent sextic foo(x) isthe polynomial

x® + 18480x° 4 47764750 x* — 580262760000 x° — 1796651418959375 x2
+ 2980357148316659375 x — 36026068564469671875
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which hasf = —9955 asaroot, so that f (x) has solvable Galois group. Sincein this
case the quadratic factorsin (7) are (x — 797500) (x + 61875) and (x — 281875)(x +
405625) it followsthat the Galoisgroup of f(x) isthecyclic group of order 5. Letting
A = 59112 the roots Iy, I, I3, 14 of the quadratics in (7) (subject to the ordering
condition in (9)) are

Iy = 797500
I4 = —61875
I, = 281875
I3 = —405625
Then
R =5°11(41¢ + 262+ 63+ 16 ¢%)
R, =5°11(6¢ +41¢%24+ 163+ 26¢%)
Ry =5°11(26¢ + 162+ 413 +6¢%
Ry =5°11(16 ¢ + 62+ 26 ¢3 + 41 ¢%)
Here
oA 1375+6875\/5’ A 1375—26875x/§

sochoosing r; to beany fifthroot of Ry, r4isthefifthroot of R4 suchthatr,r4isrea, and
ro, rz arethefifthrootsof R,, Rz whose product isreal and which satisfy r3r12 + rzrf =
(1375—6875+/5) /2. Thisisthe Casus|rreducibilisfor quintic polynomials, wherethe
fivereal roots of the quintic are expressed by radicals of necessarily non-real complex
numbers (in general, if only real radicals are required for a solvable polynomial al of
whose roots are real then the Galois group is a 2—group, cf. [3]).

| would like to acknowledge the assistance of Hershy H. Kisilevsky and Richard M.
Foote for helpful conversations.
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