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Preface to the Second Edition

In response to comments from readers of the first edition, this second edition contains a
considerable amount of new material. We have continued to strive to make the material
accessible to undergraduates but increased the scope of topics to make the book more
attractive to graduate students. The emphasis throughout has been to motivate the
introduction and development of important algebraic concepts using as many examples
as possible.

Although the second edition contains substantially more than can normally be
covered in a one year course, the new topics provide significantly greater flexibility
for students and instructors wishing to pursue a number of important areas of modern
algebra. The authors use the text both for the introductory undergraduate algebra course
and also for topics courses at the graduate level.

Material has been added to Chapter 8 and more emphasis has been given to qua-
dratic integer rings, which are introduced in Section 7.1 and developed more thoroughly
through the text. The new sections 10.4 and 11.5 introduce tensor products of modules
and tensor algebras. Section 10.5 discusses extensions, exact sequences and their be-
havior with respect to the Hom and tensor product functors, topics that are continued in
Chapter 17 with an introduction to the basic notions of homological algebra. Chapter
17 also contains a relatively self-contained treatment of group cohomology. The added
sections in Chapter 10 are at a slightly higher level of difficulty than the remainder of
Chapter 10, and can be deferred on a first reading.

Chapters 15 and 16 are entirely new. These extend the early ring theory chapters
and introduce relations between commutative algebra and geometry. Chapter 15 be-
gins the exposition of some central concepts in commutative algebra and each section
in this chapter is organized so that the abstract algebraic ideas are followed by their
application in algebraic geometry. We focus on affine algebraic spaces, working from
the basic definitions up to the definition of an affine scheme. Chapter 16 continues with
commutative algebra and parallels Chapter 8 in layout, studying three families of rings
(of Krull dimensions 0 and 1), culminating in the classification of finitely generated
modules over Dedekind Domains.

The original chapters on representation theory of finite groups have now been
moved to Part VI and updated in light of the new material now covered in earlier
chapters. Categories and functors appear in Appendix Il, not as an add-on but rather to
signal that individuals may read (and reread) this material at almost any point in their
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progress through the book. We have purposely minimized the functorial language in
the text in order to keep the presentation as elementary as possible.

The remaining sections of the book are essentially the same as in the first edition,
with the exception of a few added exercises such as ones that incorporate the new mate-
rial into the old (exercises on tensor products of fields, for example), and an expanded
explanation of some of the subtleties of generators and relations in Section 1.2. In some
instances material that was in the exercises now appears in the text. Instructors may still
offer a standard introduction to abstract algebra, as outlined at the end of the Preface
to the First Edition. Another possibility is to cover the basic material on groups and
rings from Parts | and Il, Sections 10.1-10.3, 11.1, and then Chapters 15 and 16. These
latter chapters are, for the most part, independent of Part IV, although basic knowledge
of minimal polynomials and the definition of an algebraically closed field are required
in Sections 15.3 and 15.4; tensor products are used occasionally to simplify proofs but
can be avoided at the expense of some additional labor. Yet another stream is to include
material through all of Chapter 10 and 11.1 followed then by Chapter 17 (which is
essentially independent of the intervening chapters, except for examples involving Ga-
lois cohomology). Well integrated one semester courses for students previously having
had some algebra might include Parts Ill and V, or Parts Ill and VI. This would pro-
vide a solid background for a second semester course delving more deeply into one of
many possible areas: algebraic number theory, algebraic topology, algebraic geometry,
representation theory, Lie groups, etc.

We have chosen the additional material and the style for developing it to reinforce
a basic theme in the book: the power and beauty that accrues from a rich interplay
between different areas of mathematics. We have not attempted to be encyclopedic, but
have tried to touch on many of the central themes in elementary algebra in a manner
suggesting the very natural development of these ideas. As in the first edition, a number
of important ideas appear in the exercises. This is not because they are not significant,
rather because they did not fit easily into the flow of the text but were too important to
leave out entirely. Sequences of exercises on one topic are prefaced with some remarks
and are structured so that they may be read without actually doing the exercises.

We have refrained from providing specific references for additional reading when
there are many fine choices readily available. Also, while we have endeavoredto include
as many fundamental topics as possible, we apologize if for reasons of space or personal
taste we have neglected any of the reader’s particular favorites.

We again thank the many students and colleagues who have offered valuable com-
ments on the first edition — it is their support and interest which has energized the
writing of this second edition. We thank George Lobell of Prentice—Hall for his unfail-
ing encouragement and support for the writing of this second edition. We would also
like to thank Ken Brown, David Flath, Donald Passman, and Emma Previato for their
useful comments on this second edition. Finally, we thank Louis Vosloo of Y&Y TeX,
Inc., for his help.

David Dummit
Richard Foote
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Preface to the First Edition

This book evolved out of notes by the authors from courses given at various universities
over a period of about thirteen years. The backgrounds of students in these courses
were quite diverse, ranging from first and second year undergraduates to beginning
graduate students, and included computer science and other science and engineering
majors in addition to mathematics majors. The expectations of the students were quite
varied. For some, the algebra course was to be an introduction with no follow up
(some took only one semester of the full year sequence) and for some the course was
intended to be the foundation for future work in mathematics. We felt that all of these
students should be given some insight into the main themes in abstract algebra and
some understanding of how these themes provide a unifying framework for the study of
the basic algebraic structures: groups, rings, and fields. One of our guiding principles
has therefore been to introduce as early as possible notions such as homomorphisms,
isomorphisms, actions, classifications, and the notion of the structure of an algebraic
object. We point out how these themes recur as we pass from the study of one algebraic
system to another and provide a natural flow for the development of basic abstract
algebra. To a certain extent this has influenced our choice of material as well. We have
made no attempt at being encyclopedic, but rather we have delved more deeply into
a few areas in order that students may achieve a better grasp of how the structure of
algebraic objectsis unravelled in greater depth. Wherever possible we have attempted to
broaden students’ horizons by pointing out connections of one subject to other areas of
algebra and mathematics and by mentioning results at the forefront of research. We also
introduce new material in a form which students do not subsequently have to dislodge
in favor of more sophisticated versions. So, for example, permutations are introduced
in cycle notation format and quotients are developed as fibers of homomorphisms.
In this way students are immediately exposed to concepts the way an algebraist (or
mathematician) envisions and works with them.

The book contains a wealth of examples and exercises. The exercises range from
routine computations to fairly sophisticated theoretical ones. All the exercises, however,
are within the scope of the text and hints are given [in brackets] where we felt they
were needed to make them accessible. The main results in the text do not rely on
material in the exercises, although some details in proofs in the text are occasionally
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left to the reader and some examples use results from the exercises. In many instances,
new material is introduced first in the exercises (often a few sections before it appears
in the text) so that students may obtain an easier introduction to it by doing these
exercises (e.g., Lagrange’s Theorem appears in the exercises in Section 1.7 and in the
text in Section 3.2). The exercises also contain a considerable amount of material not
covered in the text. Some exercises lead through a series of steps to new results such
as Wedderburn’s Theorem on finite division rings or Hilbert's Basis Theorem. There
sometimes appear sequences of exercises on one topic; these problems are prefaced with
some remarks and are structured so that they may be read as text without actually doing
the exercises. Some of these sequences are reviews (such as the exercises on Gauss—
Jordan elimination in Chapter 11) and others contain new material relating to another
area (such as the exercises on the exponential of a matrix and its application to systems
of differential equations in Section 12.3). In addition, a number of exercises describe
useful computational techniques (for example, Berlekamp’s Algorithm for factoring
polynomials modp in Section 14.3).

Notationally, Proposition 2 in Chapter 4 is referred to simply as Proposition 2 within
Chapter 4 and as Proposition 4.2 in other chapters.

It is not usually possible to cover the entire text in one academic year, although the
authors have been able to cover the bulk of the material in one year, including all of Part
Il and much of Part V. A basic introductory (one year) course should include Chapters
1to 3, Sections 4.1t0 4.3, 5.1t0 5.3, Chapters 7 to 9, Sections 10.1, 11.1 and Chapters
13 and 14, returning to pick up Sections 4.4 to 4.6 if they are not covered initially. Parts
llland V may also be used as a well integrated one semester course. We note that linear
algebra is not assumed to be a prerequisite although knowledge of it does increase the
repertoire of examples in group theory. The basic linear algebra covered in Chapter 11
provides the background mainly for the theory of canonical forms in Chapter 12.

Finally, we would like to thank D. Dorman, H. Kisilevsky, J. Sands, L. Simons and
our students over the past few years for helpful suggestions and comments.
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