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Abstract

We propose the use of spectral analysis on certain noncommutative finite groups in digital signal pro-
cessing, and in particular, image processing. We pay significant attention to groups constructed as wreath
products of cyclic groups. Within this large class of groups our approach recovers the DFT, Haar wavelet
transform, various multichannel pyramid filter banks and other aspects of multiresolution analysis as special
cases of a more general phenomenon. In addition, the group structure provides a rich algebraic structure
which can be exploited for the analysis and manipulation of signals. Our approach relies on a synthesis of
ideas found in the early work of Holmes, Karpovsky, Trachtenberg and others on noncommutative filtering,

as well as Diaconis’s spectral analysis approach to understanding data.
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1 INTRODUCTION

1.1 Motivation

This paper is intended to expand upon the ideas of [32] which introduced the possibility of using finite noncom-
mutative groups obtained by iterated wreath products of cyclic groups for certain signal processing tasks. The
hierarchical structure of these groups translates into a natural group invariant multiresolution analysis for the
corresponding Fourier analysis, thereby linking the spectral analysis approach for data on finite groups with the
world of wavelets. In so doing we realize the DFT, Haar wavelet transform, and certain multichannel pyramid
filter banks as special cases of a more general approach. Moreover, by working with an underlying group, we

are able to exploit a richer and more general algebraic structure.

The use of finite groups in digital signal processing is not new. The most important instance of this is the
formulation of the discrete Fourier transform (DFT) in terms of the representation theory of finite cyclic groups
as well as subsequent representation theoretic interpretations of various versions of the Fast Fourier Transform
(FFT) which includes the famous Cooley-Tukey FFT [16]. The references [1, 2, 12, 38, 67] give a few examples
of this approach.

Indeed, to date, the finite groups that have found significant applications in signal processing are almost
exclusively commutative—which is to say groups that are direct products of cyclic groups. This is easily
attributed to the broad applicability of Fourier analysis on IR™, or on tori. Actual computation of a Fourier
transform on these continuous groups requires sampling, quantization and possibly truncation of the data. This
reduces the original data to a finite set of real or complex machine-representable numbers and allows the required
Fourier transform to be rewritten as (or approximated by) a DFT which is then usually computed via some

FFT algorithm.

Nevertheless, there have been sporadic appearances of finite noncommutative groups in the signal processing
literature. In particular, we appreciatively cite our debt to the fundamental work of R. Holmes whose papers
[35, 36] lay the foundation for “group-theoretic signal processing” and continue to be an inspiration. Primarily,
noncommutative finite groups have been suggested for applications to filtering and pattern matching. Under the
name of “group filters,” Fourier transforms on noncommutative groups have appeared as possible approximations
to Wiener filters (cf., [35, 36, 39]). Related to this is the work of Hannan [31] and Willsky [71] which investigates
the idea of stationarity for Markov processes on noncommutative state spaces. In fact, Willsky’s paper marks
the first appearance of an FFT for a noncommutative finite group. A current survey of such algorithms can be
found in [48].

Convolution over dihedral groups [24, 43, 44] and the discrete motion group [41] has been explored in image
processing for pattern matching with rotational symmetry; convolution over the affine group, in the context of
wideband correlation processing was considered in [70]. Diaconis has suggested a spectral analysis approach
for the analysis of data with natural symmetry groups [7, 18, 19]. This generalizes the usual Fourier analysis
approach applied to the study of time series. These and other applications are surveyed more fully in [26, 56].

Our point of view is something of a hybrid of the above. Following the basic philosophy of Diaconis’s

spectral analysis, we hope to find appropriate symmetry groups for certain types of signals, and then study the

signals via their decomposition into orthogonal projections onto group-invariant subspaces. Furthermore, in the



spirit of the work of Holmes, Karpovsky and Trachtenberg, we use the underlying group structure to make use

of the associated convolution and correlation operations for signal manipulation.

Of particular interest is the setting in which wreath product groups act on the space of discrete signals
of a fixed finite length. This action is realized by indexing the samples as leaves in a (graph theoretic) tree.
Wreath products are the symmetry groups of regularly branching rooted trees, and consist in those relabelings
that only permute nodes at a fixed distance from the root. We shall see that these wreath product groups arise
in a natural way in pyramid structured multichannel DFT filter banks (see [38] for a group-theoretic approach
to multidimensional filter banks). The analysis stage of these filter banks in polyphase form turns out to be the
same as the Fourier transform of a tree-encoded discrete signal with respect to the action of a wreath product
group. The presence of an underlying group, however, now provides additional structure that has heretofore
been unexplored. In particular, there is a group-based convolution which gives rise to a wealth of new group-
invariant filters for investigating classical problems such as filtering, pattern recognition, data compression, and
noise reduction.

In this first part of a two-part sequence of papers we introduce a general theory of finite group-based
signal processing: multiresolution analysis and group-based Fourier decompositions of discrete signals. We also
describe the basic structure of (iterated) wreath product groups, focusing specifically on wreath products of cyclic
groups with the application to two-dimensional images in mind. We show how the irreducible decomposition
of any signal provides a natural multiresolution analysis that, in the case of wreath product groups, generalizes
the Haar wavelet decomposition. We describe a quadtree scanning scheme for converting a discrete 2V x 2V
signal into a row vector in such a way that these wreath product groups act on nested grids of subimages,
and we describe this action in detail in the tractable yet realistic case of 512 x 512 images. We also give a
quadtree scheme for displaying the multiresolution spectrum of such images, and we examine the effect of group

operations on these quadtree spectra for 512 x 512 images.

In Part II of this work, [50], we introduce the general theory of finite group-based convolution and correla-
tion. For wreath products of cyclic groups we show how these may be effectively computed by passing to the
frequency (spectral) domain using the quadtree schemes. Building on the applications described in Part I, we
give a “geometric” description of convolution. Finally, we apply convolution and correlation to the problems
of recognizing perceptually similar or transformed images, and we see that, empirically, the wreath product

group-based results appear to have certain advantages over other image recognition methods.

1.2 Other related work

The particular focus of our development which uses mainly the representation theory of finite groups over the
complex numbers for filtering and spectral analysis is but one way in which group theory appears in signal

processing. Here are a few other significant applications.

1.2.1 Coding theory

The DFT (over finite fields) is an important tool in the subject of error correcting codes (cf., [10]). Many

well-known codes have natural descriptions in terms of the group algebra of a cyclic group which translate into



easily stated properties of their Fourier transforms over finite fields. MacWilliams [45] appears to have been
the first to investigate the extension of this to a noncommutative group (the dihedral group). More recently,
Lafferty and Rockmore [42] have been able to formulate some of the expander codes of Sipser and Spielman [62]

in terms of the representation theory of the special linear groups of degree two over a finite field.

1.2.2 Continuous groups

Although to this point, the use of finite noncommutative groups and their representation theory has been rare,

continuous noncommutative groups play a significant role in signal processing and data analysis.

Many classes of orthogonal functions can be realized as the special functions of certain non-abelian Lie
groups (see e.g. [68]). The papers [21, 23] provide some new general approaches for fast transforms using these
functions. Of particular importance are the use of spherical harmonics for the analysis of functions defined on
the 2-sphere. Computational aspects of these functions have long been of interest for their use in the numerical
solution of PDEs in spherical geometry, applicable to problems in the atmospheric sciences (cf., [20, 33, 34]).
Extensions of these ideas to the general framework for sampling and computing on compact groups can be found
in [47].

In the noncompact setting, Fourier analysis on motion groups is now finding applications in robotics [15, 25]

as well as automatic target recognition [63, 64].

1.2.3 Wavelets and representation theory

One origin of wavelet theory can be traced back to the mathematical physics community and the study of
cyclic representations of the affine group [30]. The work of Flornes, et al., [29] develops a finite analog of this
by working with the affine group mod p. The papers [8, 9, 51] pursue a different aspect of the construction,
focusing instead on the condition of generating a basis for a representation space by the set of (group) translates

of a fixed vector.

1.3 Organization

In order to put things into a familiar framework, we begin in Section 2 by first recalling the representation—
theoretic formulation of the DFT, paying specific attention to those aspects which will motivate our general
approach. Sections 3 and 4 of this paper lay the foundations of some theoretical aspects of group-based signal
processing; in each of these sections the theory is followed by applications to the specific case of wreath product
groups. In this way the paper serves both as an in-depth illustration of the general methodology of group-based
signal processing for future research, and an investigation of the intrinsically interesting application of wreath

products to signal processing.

In Section 3 we give a general group-theoretic formulation of signal processing. We pay special attention
to the example of wreath products of cyclic groups. Section 4 describes the general theory of finite group
based Fourier analysis, and relates it to multiresolution analysis and wavelet decompositions. The specific

decompositions obtained from wreath products of cyclic groups are described. Section 5 applies the theory to



discrete 2V x 2V images, describing specific scanning methods and how wreath product groups act on images
and their spectra. Section 6 places this theory in some larger contexts. It describes multiresolution schemes

that extend this work and which may lead to areas of future research.

2 The DFT, FFT, AND GROUP THEORY

The connection between the DFT and group theory is immediate from its definition. Given an input f =
(f(0),...,f(N—=1)) € €V, its DFT is defined as the collection of sums (Fourier coefficients)

N-1

fk) =3 fmywn* (2.1)
n=0

where W = €>™/N for j = v/—1. The N*" roots of unity W7* are the values of the irreducible characters (or

in this case, equivalently, the irreducible matrix elements) of the cyclic group Z/NZ. If computed for all

k €{0,...,N — 1}, the expression (2.1) computes the change of basis for the function f : Z/NZ — € from

the basis of delta functions

6n(k)={1 ifn =k

0 otherwise

to the basis of irreducible matrix elements
xn(k) = wnk.

The new expression for f is then given by the Fourier inversion formula, or inverse discrete Fourier transform

1 N=1 o
fWZN;ﬂWV- (22)

The choice of the functions x,, is motivated by their invariance under the group of cyclic shift. Given any

m € ZZ|/NZZ we can consider the translation of a function f : ZZ/NZ — € by m, denoted (mf) and defined
as

(mf)(n) = f(n —m).

Thus, the characters y,, are simultaneous eigenfunctions for all translation operators,
(an) = Wﬁnan-

Consequently, we derive the invariance of the Fourier coefficients (up to a phase factor) under the entire group of
translations, or (cyclic) shifts of the origin. This motivates the interpretation of these roots of unity as character
values for the cyclic group. The approach of understanding the input according to these Fourier coefficients is
usually known as the spectral analysis of the input. The square of the magnitudes of the Fourier coefficients
give the power spectrum.

Representation of a function in the delta function basis is often referred to as a spatial-domain expression,

while the basis of sampled exponentials give the frequency-domain expression (see (2.2)).



The N-dimensional vector space of functions L*(Z/NZ) = {f : ZZ/NZ — €'} is not only a linear
space, but also carries a natural € -linear multiplication, better known as convolution, which extends the group
multiplication. For f,g € L>(Z /N Z), this is defined as

frgim)y=>"  f(m)g(n—m). (2.3)

mMEZINZ

Considered with this additional structure, the vector space L?(Z /N Z) is called the (complex) group algebra of
ZZ|NZZ. Any fixed function h gives rise to an associated convolution operator Ty, or filter defined by Tj,(f) = f*h.
Application of convolution often carries the interpretation of smoothing (in the spatial domain). Notice that in
this instance convolution is commutative.

A well-known (and often-used) property of the basis of characters, is that the Fourier coefficients of the

convolution of two functions multiply:

(fxg) (k)= f(k)g(k) (2.4)
making possible the direct specification of filters in terms of their effect in the frequency domain. Correlation

is a relative of convolution and is computed as f * h where h(n) = h(—n).

The diagonalization of convolution operators by the Fourier basis (2.4) is equivalent to the fact that any
circulant matrix is diagonalized by the Fourier basis. This is useful in statistical signal processing since it is
further equivalent to the fact that the Fourier transform decorrelates noise from a Markov-1 process. This
also underlies the use of the DFT as an approximate Wiener filter for stationary signals as well as its use for
compression in this setting. At the heart of this is the asymptotic equivalence of the DFT and the Karhunen-

Loeve transform in this setting [66].

Group theory also contributes to an understanding of the efficient algorithms for computing the DFT (cf.,

[48]). In particular the Cooley-Tukey FFT has a beautiful interpretation in terms of subgroups and cosets.
For this, let N = Ny N5, N; > 1. Then

R N-—1
Fky = > fmywn
JT\sz:El Ni1—1

= 3 S Fu N 4 ng) W Ntk

ng=0 n1=0

Naol  Ni—1 (2.5)
= Z ank Z f(n1N2 + TLQ)W(nlN2)k

n2:0 n1:0

N2—1 N1—1
— Z ank Z f’nz(nl)GQﬂ'jn1k/N1

n2:0 n1:0

where f"2(n;) = f(n1 N2 4+ n2). Notice that the inner summation of the last equation has the form of a DFT
of length N;. In group-theoretic terms, we have used the decomposition of the group ZZ/NZZ into cosets by
the subgroup Z /N, Z to rewrite the original DFT in terms of a DFT on the subgroup Z /N, Z < Z /N Z.
An efficient computation of the DFT of f comes about by first computing the (smaller) DFTs of each of the



N, functions ]T’E and then combining them as per (2.5). As a result of this reorganization, instead of requiring

N? = (N; N»)? operations to compute the DFT, we now have an algorithm requiring Ny N5 (N + N») operations.

The goal of the remainder of the paper is to explain how all of the above makes sense for any finite group
G and to give some evidence for the applicability of some particular noncommutative groups. That is, given a
function f : G — €', (or equivalently, an element of the complex group algebra of G defined in terms of the
basis of delta functions) we can rewrite it in terms of a collection of irreducible matrix elements of G. This
is the spectral analysis of the input f. The result is a collection of Fourier coefficients which exhibit some
sort of G-invariance, and which transform nicely with respect to convolution over G, or multiplication in the
group algebra. This makes possible the description of particular noncommutative filters. Fourier analysis can

be accomplished efficiently using algorithms which are completely analogous to the Cooley-Tukey FFT [48, 49].

3 SIGNALS ON FINITE GROUPS —A GROUP ACTION AP-
PROACH

At the heart of this theory is the observation (cf., [35, 36]) that a discrete signal of fixed finite length N,
f = (f(zo),..., f(zn—-1)) can be viewed as a function on any set X = {xo,...zn_1} (with a fixed ordering)
on which a group G acts. The group action determines a decomposition of the signal space (the complex
vector space €'V, now identified with the space of possible discrete signals) into group-invariant pieces. Most
of classical signal processing assumes that both G and X are the sets ZZ/NZZ with the association z, <+
n € Z|/NZ, implicitly ordered by n < n + 1. In higher dimensions we would have N = m;ms---m, and
G=X=2Z/mZ x -+ x ZZ|m,Z. Nevertheless, other choices are possible and may be preferable. In
this section we lay down the basic theory of this general approach which relies on the notion of a permutation

representation corresponding to a group action.

3.1 Basic theory

Let X be a finite set. We think of X as an index set for a signal. In the most familiar examples, X will be the
set of points on a sampling grid. A signal is just a complex-valued function on X, f : X — ', although in some
instances it may be useful to allow the range of f to be a finite field (cf., [29, 37, 52, 65]). By concentrating on

9

the complex or characteristic zero case, we make use of the “ordinary representation theory” of the designated

symmetry group [59]. Much of the following goes through in the finite field case as well. !

Let L(X) denote the complex vector space of signals on X. When |X| = N, L(X) is N-dimensional with

spatial-domain basis given by the impulse functions {0, },ecx defined by

02(y) = {1 o=y (3.1)

0 otherwise.

L As long as the characteristic of the field is prime to the order of the group, and we work in a sufficiently large extension field,
then the representation theory is the same.



In this basis a signal f has the expansion

F=Y f@)s..
z€X

Fixing an order for the elements of X is equivalent to identifying L(X) with the complex vectors of length N, in
which case the basis {0, }.cx is identified with the standard basis. Also, since X is a finite set, all functions in
L(X) are continuous in the discrete topology on X and so as a vector space L(X) is the discrete space version of
the LP-space LP(X) for every p, although they are of course distinct as metric spaces. Our applications assume
the use of the L?-norm, although recent work [69] indicates that other values of p may be better-suited for some
applications.

Let G be any finite group acting on X as permutations. This simply means that G can be realized as a set
of bijections of X with itself, closed under composition and inverse. For any o € G and = € X we write ax for

the image of x under the bijection a and say that ax is the translate of z by a.

For each o € G and each f € L(X) we define a new function (af) : X — € by

(af)(z) = f(a™'z), forallz € X. (3.2)

The function af is the translate of f by a. Notice that this makes « € G a linear transformation of L(X), i.e.,

for fi,fo € L(X),a € Gand c€ C,

alfi +f2) = (af)+(af)
alef) = claf). (3.3)

Furthermore, the composition of these linear transformations is compatible with the composition of elements in

the group G:
(af)f =a(Bf), foralla,feq. (3.4)

The inverse in (3.2) is necessary so that (3.4) is satisfied for non-commutative groups.

Thus G acts as a group of linear transformations of L(X), and (3.3) and (3.4) are the conditions which
define the action as a (linear) representation of G on L(X). The particular representation defined by (3.2) is

called the permutation representation associated to the action of G on X. We now give some examples.

Example 0. Let X = G. Then G acts on itself by left (right) translation. The associated action of G on L(QG)
is called the left (right) regular representation of G.?

Example 1. Let G = Zn = (o) be the cyclic group of order N with generator o, and let X = {0,...,N -1} =
Z|NZ. Then G acts on X by translation,

c"n=n+m
where the bar indicates that the addition is performed modulo N. With the association f € L(Z/NZ) +
(f(0),..., f(N — 1)) the action of ¢™ on L(X) effects a cyclic shift (to the right) of f by m positions.

of =((@f)(0),...,(@f)(N = 1)) = (F(N = 1), £(0),..., f(N = 2)). (3.5)

2In the case of right translation the action is defined by (af)(8) = f(Ba).




Example 2. Let G = Z, X Z,, = (o) x (1), the direct product of cyclic groups, and X = {0,...,n — 1} x
{0,....m =1} = Z/nZ x Z|/mZ. We think of X as corresponding to the usual grid points on the n x m
lattice. In this way, to any function f € L(X) we associate a matrix, given by the corresponding function values.
Then (o?,77)(r,s) = (i +r,j + s) with the bar indicating the appropriate modular arithmetic. Thus the group

action performs independent cyclic shifts of left and right indices.

£(0,0) f(O,m—1)
;o= s s s
fn—=1,00 ... f(n—1,m-1)
f(}L(—l,)O) f(}L(—l,m—)l)
0,0 0O,m-—1
(o 1)f = : : :
fn—=2,00 ... f(n—=2,m-1)
f(0>m_]-) f(0,0) f(Ovm_Q)
L,nf = : : : :
fn=1,m-1) f(n-1,0) ... f(n—1,m—2)
fn—1,m—-1) f(n—-1,0) ... f(n—1,m—2)
f(0>m_]-) f(0,0) f(Ovm_Q)
(o,7)f = : : : :
fmn—=2,m—-1) f(n—-2,0) ... f(n—2,m-—2)

Examples 1 and 2 are the canonical examples of digital signal processing, giving rise to the application of
the 1-D and 2-D DFT respectively.

Example 3. Let G = Sy, the symmetric group on N symbols and X = {0,...,N — 1} (i.e., G is the group
of all permutations of the set X). Then any permutation = € Sy acts on X by sending ¢ to 7(i). All of the

preceding examples are really subexamples of this, in the sense that G is a subgroup of an appropriate Sy

Given a group action G on X and corresponding representation of G on the signal space L(X), we are
interested in group-invariant decompositions of the signal space under the group action. A subspace W is G-
invariant if given any f € W, then af € W for all @ € G. Thus, a one-dimensional G-invariant subspace is
simply a common eigenspace for the group of linear operators defined by the action of G on L(X). In this sense,
invariant subspaces are generalized eigenspaces, and a decomposition of a signal (function f € L(X)) according
to projections onto these spaces is a generalized Fourier expansion of the signal.

As a first step in this direction, notice that if the set of nodes X decomposes as the disjoint union X; U Xa,
with each X; being G-invariant (so that G only maps elements of X; among themselves, and similarly for X5)
then L(X) decomposes as a sum of G-invariant subspaces, L(X) = L(X1) ® L(X3). The theory (developed in
Section 4) may then be applied individually to each L(X;). Thus, we may reduce to the case in which X has no
nonempty, proper G-invariant subsets, i.e., we may assume G acts transitively on X. Thus, for each z,y € X

there is some a € G such that ax = y. In this case we also say that X is a homogeneous space for G.



Each of the following Examples 0-3 are transitive. In Example 1 the cyclic group of order N acts transitively
on X = Z /N Z. Moreover, the action gives us a way to identify the sets G and X by associating to each i € X
the unique group element o; € G that maps 0 to 7. In other words, if G is generated by the N-cycle o that
cyclically permutes 0,1,..., N — 1, then i may be identified with o*.

The above describes a regular group action, one in which each element is left fixed only by the identity. More
generally, X = {xo,...,zy_1} may be identified with a set of left cosets in G as follows. For a distinguished

“basepoint” xg € X, let

Go = {CM € G | CK(Z’U) = 1’0}. (36)

This defines Gy as the stabilizer subgroup of xo in G. Under the assumption of transitivity, for each ¢ we may
choose an a; € G with a;(zg) = ;. We choose ag to be the identity element of G. It follows easily that the

left coset a;Gy is the set of all elements of G that send zy to z;. Furthermore, the association

is a one-to-one correspondence that identifies X with the set G /Gy of left cosets of Gy in G.

Examples 0, 1 and 2. These are regular actions, where in each case Gy is the identity subgroup, so each left

coset contains a single element of G, i.e., the left cosets of G are the elements of G.

Example 3. We fix a basepoint N — 1. Then the stabilizer is the subgroup of permutations that permute only

0,..., N —2 among themselves, so is isomorphic to Sy _1.

This identification of X with left cosets is compatible with the group action on each of the two sets X and
G/Gy as follows. The group G acts by left multiplication on the set of left cosets of Go; namely each o € G
maps «;Gp to the left coset (aa;)Go, and this left multiplication by « is a permutation on the set G/Gp. Under

the identification (3.7) each a in G induces the same permutation on X and G/Gy:
a(z;) =z if and only if (aa;)Go = ai,G).

Thus we may identify X and G/Gy as sets admitting an action by G. We use this to embed L(X) into the
(possibly larger) space L(G) as follows.

Observe that the set of functions that are constant on the left cosets of any subgroup forms a subspace of

L(G). In particular, for Gy, the stabilizer of zo, let L(G/Gy) denote this subspace:

L(G/Go) ={f € L(G) | f(aB) = f(a), forall « € G, B € Go}. (3.8)

It is immediate from (3.2) that L(G/G)p) is also a G-invariant subspace. Namely, if f is constant on all left
cosets of G, then so is af for any a € G.

Under the identification in (3.7) of X with G/Gy, the complex-valued functions on G/Gy may be identified
with those on X. As we shall see in [50], in order for convolution multiplication to be compatible between

L(G) and L(X) we choose a specific way of making this identification (which amounts to a specific choice of

10



normalizing factor): If f € L(G/Gy), identify f with the function in L(X) whose value on the point z, is
| Go | f(aun). This identification is the restriction to the subspace L(G/Gy) of the map

mx : L(G) — L(X)
defined by

mx(Hlan) = D fB), (3.9)

BEanGo

for all f € L(G). This maps any function in L(G) to |Gp | times its average value on each coset a,Go; the
factor of | G | is retained so that f and mx (f) have the same total sum, i.e., 3° cq f(a) =3, ox mx(f)(zn).
Thus, if d,, is the basis function in L(G) defined as in (3.1), then 7x (d4,, ) is the unit impulse delta function in
L(X) supported at .

Finally, note that the actions of G on L(X) and L(G) are compatible via mx:

mx(af) = a(rx(f)),

for all « € G, f € L(G) i.e., mx is a G-equivariant linear transformation or G-homomorphism.

Remark. The permutation representation of G on L(G/Gy) is equivalent to the induction of the trivial repre-

sentation from Go to G. We shall elaborate a bit more on this point of view in Sections 4 and 6.

3.2 Trees and wreath product group actions

Our primary application of the general theory of group actions on signal spaces will be to wreath product
groups acting on trees. We describe this situation and indicate its relevance to signal and image processing.
We consider the general case of a spherically homogeneous rooted tree of many levels, with symmetries given
by independent cyclic shifts at each level, ultimately realizing a group of symmetries on the set of leaves of the
tree. Our applications arise by identifying the leaves of the tree with sample points, with particular attention
paid to the case of two-dimensional sampling grids and the associated permutation representation on the vector

space of images.

3.2.1 Generalities

The applications discussed here depend on understanding the action of certain wreath product groups on a
particular class of directed graphs, spherically homogeneous rooted trees (SHRTS) (see [6]). Recall that a tree
is a graph with no cycles. A rooted tree has a distinguished vertex, the root, and all other vertices are judged
in relation to their distance from the root, measured in terms of the length of the shortest path to the root. A
vertex of distance k from the root is said be at level k. A child of a vertex v is a vertex at level k + 1 connected
to v (of level k). A SHRT is a rooted tree such that all vertices at a fixed distance from the root have the

same number of children. If my, is the number of children of any vertex at distance k, then the SHRT is said

to be of type (mg, m1,...,m;) where [ + 1 is the height (or depth) of the tree. The sequence m = (my, ..., m;)

11



determines the SHRT which is denoted as Tm. ® Notice that a SHRT with all my; = 2 is a complete binary
rooted tree. Figure 1 gives a few examples of SHRTs.

The vertices of maximal distance from the root are called the leaves of the tree (i.e., those at level | + 1).
We denote the leaves of the tree Tp,...m, by X(mm___,ml). Notice that | X,| = mg - - -my, and that the leaves are
naturally indexed by sequences (igp,...,%;) with 0 < iy < my. Pictorially, with the “usual” picture of an SHRT
(see Figure 1) this would indicate the leaf obtained by choosing the ;" branch (going from left to right) at
step k as we make our way down from the root to the leaf. Figure 2 illustrates this.

SHRTSs have recursive structure in a variety of ways. Each vertex of level one of a SHRT of type myg,...,m;
may be viewed as the root of a SHRT of type mq,...,m;. These are the subtrees of level one. More generally,
any vertex at level k can be viewed as the root of a SHRT of type my,...,m;, which make up the subtrees
of level k. On the other hand, by collapsing all subtrees of level k to a point, the SHRT of type mg,...,my
is converted to a SHRT of type mo,...,mi_1. We call this the k** truncation of Timo,...,m1)> as illustrated in
Figure 3.

Wreath product groups may be realized geometrically as adjacency preserving permutations of SHRT's that
fix the root. This implies that only vertices within a given level are permuted. In particular, symmetries of a
SHRT give rise to structured permutations of the leaves. The full group of symmetries of Ty, is described in a
hierarchical manner: For each ¢ between 0 and k, and each vertex at level i, choose a permutation in S,,,. The
permutations at level i define a reordering of the children of the vertex at level i. Apply this reordering while
leaving fixed the relative ordering within the subtrees determined by each of the children. Thus, any symmetry
of Tyn can be written as a sequence (o7, ..., 00) where o}, is a function on the leaves of the k" truncation of T,
with values in the group Sy, . This may be pictured as the tree Ty, . m,) With all nodes at level & labeled by
permutations in S, .

The above describes the full automorphism group which is a wreath product of symmetric groups. More
generally, certain subgroups, also wreath products, can be obtained by choosing for each level i, a specific
subgroup H; of S,,, then choosing the permutations at level i from H;. This defines the (iterated) wreath
product of the groups H;, denoted by

G=H H;_11---1 Hy. (3.10)

We note that wreath product groups are usually defined algebraically, without reference to trees (see, for
example, [22] or [58]), however we adopt this “geometric” approach to defining them with a view to applications
in signal and image processing. In this context there are natural tree structures on our spaces of discrete
signals which help to illuminate the abstract theory. Also, (iterated) wreath products arise naturally as the
automorphism groups of nested designs [4]. They also occur in chemistry as the symmetry groups of certain

regularly branching non-rigid molecules [5, 72].

Given a choice of G as in (3.10) we can describe the symmetries of Ty, in the following recursive manner: (1)

Choose an element of Hy, and permute the mg subtrees of the root among themselves, leaving fixed the relative

3We only concern ourselves with finite SHRTS. The infinite theory is discussed in some detail in [6].

12



order within each subtree. (2) Independently choose mg elements of the iterated wreath product HjlH;—_11- - -0 Hy

to act on each of the subtrees of the root, considered as separate SHRTs of the type (mq,...,my).

Thus, if we let G,y = HiVH; 1 0---V Hp, then

G = G(O) = G(l) 2H0

We can write an element of G as (v,0) with v € GE’I‘)J and o € Hy, where for any group A the direct product of

A with itself m times is denoted by A™. Multiplication of group elements (v,0) and (w,7) is then performed
by
(’U, U)(’LU, T) = (U : (O"U}), UT)

where

(ow) (k) = w(o™" (k))

and
v- (ow)(k) = v(K)w(o~" (k).

Implicitly, the iterated wreath product G = H; ! H;_1 1 --- 1 Hy has a recursive structure. If, as above, we
define G(,) = Hi ' H; 1 1--- U H, and G = H.)H,_; 1---1 Hy then note that G(r) is an automorphism group
of Tim,,....m;) and G®) is an automorphism group of Timo,...,ms) and G = G, ) G'=1_ This is equivalent to

s

viewing any symmetry as being given by a symmetry of the truncated tree of depth r followed by independent
symmetries of the mg -+ -m,._1 subtrees at level r.

This description reveals the semidirect product structure of the wreath product groups. In particular we see
that any symmetry can be written uniquely as a product of an element of G"~Y) and myg - - - m,_; independent
elements of G(,), or more succinctly, a single element of (H; ! H; 1 1--- 1 H,)™ ™1, The latter makes up
the subgroup of G which leaves invariant all nodes of Ty, ... m,) in levels 0,1,...,7. As such, this is a normal
subgroup of G (it is the kernel of the action on the nodes at level 7). Thus, if we let B, denote this subgroup,
then B, is a normal subgroup of G (denoted B, < G). Moreover, a particular subgroup complement to B, in
G consists of the set of all elements of G that send each leaf (ig,...,%.—1,%,...,%) in the indexing scheme
described earlier to another leaf (if,...,4"._;,ip,...,4;) having the same | — r 4+ 1 last indices. Denoting this
subgroup by G"~1 we have B, N G"~Y = {1} and B,G"~Y) = G; or equivalently, G is a semidirect product
of B, and GU"=1). We collect this in the following theorem. (The verification of all the details of the proof
is a straightforward exercise; alternatively, these details may easily be checked from the algebraic, semidirect

product definition of wreath product groups.)

Theorem 3.1 Let G = HVHyj_1 -1 Hy. With all notation as above, the subgroups B, form a normal series

{1})=B4 IB<IB_1 < - <ABy =G (3.11)

where By /By is a copy of Hy, and for 1 <r <1

B,./B,41 is the direct product of momy ---m,_1 copies of H,. (3.12)
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Moreover, G /B, acts as permutations of the truncated tree Tipm,. ... m,_,) obtained from Tm by deleting all

nodes at levels greater then r and

G = G/ B, is isomorphic to H._1 V Hyr_2 1+ -+ Hp. (3.13)

Furthermore, B, has a subgroup complement in G isomorphic to G~V and G is a semidirect product of B,

with G"=Y for each r.

The order of any specific wreath product group may determined from (3.12) and (3.13) recursively.

In Sections 4 and 6 we shall see that the subgroup structure of wreath products given in Theorem 3.1 gives
the “multiresolution” filtration of the spatial domain L(X) into a chain of group invariant subspaces.

In this paper we shall focus on the smallest wreath product groups that are transitive on the nodes at
each level i. For each i € {0,1,...,1} let H; = Z,,, be the cyclic subgroup of S,,,, generated by the m;-cycle
(12...m;). Define

Zm = Zml lZml,l ZIZmO (314)

We shall call the groups Zy, wreath product cyclic groups, abbreviated WPC groups. WPC groups are non-
abelian whenever [ > 1. The group Zy, acts on T, by independent cyclic shifts at each level.

For example, consider Z3 4) which acts on the tree 7(3 4) depicted in Figure 4. We specify any element as
(i1,i2,13; k) where 0 < k < 2, and 0 < i,, < 3 indicating the various powers of cyclic shift of three and four

elements respectively. In Figure 4 we show the effect of two different group elements.

3.2.2 Wreath products and nested grid decompositions

We now describe how the particular case of (3.14) when each m; = 4* arises naturally in the study of nested grid
decompositions of 2% x 2V discrete images. In this special case, for any n-tuple (4%,4% ... 4%) we streamline

notation by denoting the tree Ti4x 4» . 4r) by Q(k,n), and referring to it as a quadtree. In the notation of

Section 3.2.1 we have n = [ + 1, so Q(k,n) has n nonzero levels (depth n) and 4*" leaves.

A 2kn x 2kn array of pixel positions may be given a quadtree structure (see e.g. [28, 57]) in the following
nested grid fashion: The entire array is the root node. The array is divided into a 2* x 2* grid of subframes,
each of dimension 2F("=1) x 2k(n=1). these are the nodes of the tree at level one. Each of these subframes is
then subdivided into another 2¥ x 2% grid of subframes, each of dimension 2¥("=2) x 2k(n=2) "and they are the
nodes at level two descending from the node at level one containing them. This nested grid decomposition
process continues until the individual pixels at level n are reached; these are the leaves of the tree, i.e., the set

X4, 4. Thus the tree structure Q(k,n) on a 287 x 27 pixel set has the structure of a nested grid with

L

s& in dimension (cf., Figure 5).

successive nested block sizes scaled by a factor of

Different choices of n and k give different tree structures. For example, a 4 x 4 image may be given the distinct

structures of (2,1) or Q(1,2). Figure 6 shows the different trees given by these choices.
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For the Q(k,n) tree structure on a 2*" x 2k array we adopt a quadtree scanning for converting each image

to a row vector. At each node the 4* nodes descending from it are indexed by 0, 1,...4% —1 in a clockwise spiral

fashion starting from the upper lefthand corner.

Example 1. A 4 x 4 array with the quadtree structure @(2, 1) is scanned as:

0 1 2 3
. 11 12 13 4

Q(2,1) quadtree scanning sequence: 10 15 14 5 (3.15)
9 8 7 6

Once the 4% nodes descending from each fixed node in the tree have been associated to submatrices within the

nested grid with the above ordering, the leaves of the tree (i.e., the individual pixels) have a lexicographic order

described in Section 3.2.1. Each image is scanned into a 1 x 4¥” vector in this sequence.

Example 2. When a 4 x 4 array is given the structure of the tree (1, 2), the individual pixels are scanned in

the following order:

0O 1 4 5
. 3 2 7 6

Q(1,2) quadtree scanning sequence: 12 13 8 9 (3.16)
15 14 11 10

Here the upper lefthand 2 x 2 submatrix is the zeroth node at level 1, the upper right hand 2 x 2 submatrix is
the first node at level 1, etc. These nodes at level 1 are then each spirally scanned, resulting in the displayed

sequencing.

The group Z(4x 4% .. 4% (n factors) acts on the 2kn x 2kn array of pixel positions having tree structure
Q(k,n), scanned in the quadtree fashion. For simplicity we denote this wreath product group by Z(k,n). By
Theorem 3.1

Z(k,n)/B; = Z(k,i) and Z(k,n)/B; acts on the truncated tree Q(k,1). (3.17)

It follows easily from this by recursion that

| Z(k,n) | = 4k4"—D/3, (3.18)

Geometrically, the elements of Z(k,n) perform local spiral shifts on images. Each 2¥ x 2% submatrix
corresponding to a node at level n — 1 has been scanned spirally, and these 4F points are cyclically permuted
by the elements of Z(k,n) fixing that node. For k > 2, a cyclic permutation of this nature is not a planar
symmetry of the 2¥ x 2% submatrix. For example a cyclic permutation of the entries in the 4 x 4 matrix (3.15)
cannot be achieved by a rigid motion of the plane. For k = 1, however, the elements of Z(1,n) perform local
rotations of 0,90, 180 or 270 degrees on submatrices within the nested grid structure. In particular, any 2 x 2
submatrix whose upper lefthand pixel ap , has both p and ¢ odd may be rotated by some group element (even
by one that fixes all other pixels). For example, the matrix in (3.16) may be rotated clockwise 90 degrees by
first rotating each 2 x 2 submatrix in the nested grid by 90 degrees, and then by permuting the four 2 x 2 blocks
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as a 90 degree rotation of these level one nodes (leaving rigid the ordering within each 2 x 2 block). Both of

these operations are group symmetries of the quadtree.

Rotations of the full image through multiples of 90 degrees are also group symmetries. Most elements of
this group, however, do not perform planar symmetries on the image matrix as a whole. Thus, a rotation by
90 degrees of the upper left 2 x 2 block of the matrix in (3.16), but keeping all other entries fixed, is a group

symmetry of the quadtree, but not a rigid motion of the 4 x 4 image as a whole.

3.3 The WPC group Z(1,9) acting on 512 x 512 images

We now apply these concepts to the realistic yet tractable example of the WPC group Z(1,9) acting on the
9-level tree (1, 9) shown in Figure 7; we shall build upon this example throughout this paper and its successor.

Levels of the tree Q(1,9) are numbered from 0 to 9, with the root node at level 0 and the leaves at level 9.
At the i'" level the 22/ nodes are numbered from left to right, beginning with node 0. We associate the nodes of

the tree to subimages of the image in the following nested grid manner, as depicted in Figure 8: Let Q" denote

the whole image, and associate to it the root node of the tree at level 0. Label the four 256 x 256 quadrants in

Q0 Q%)
< o o (3.19)

and associate Q! to the i*® node at level 1. Proceeding recursively, suppose Q¥ is the 2°°% x 297% subimage

a clockwise fashion as

attached to v¥, the i*t node at level k. Divide Q¥ into its four quadrants, ordering them clockwise beginning
k

with the upper left quadrant. These subimages are then associated to the four nodes descending from v}, and
are labeled Qfoﬂ, ey Qf:l, where the subscripts match the indices of their respective nodes at level £+ 1. Thus
for example, the nodes at level 8 of the tree correspond to 2 x 2 blocks (labeled Q%) within the image, and the
leaves of the tree to the individual pixels, @Y, i =0,...,4% — 1.

In this scheme any path in the tree from the root node to a specific leaf represents a sequence of nested
arrays, scaled successively by a factor of 1/4, from the whole image down to the pixel corresponding to the
given leaf. By writing the subscript i of any block Q¥ in base four, the “digits” (with leading zeros included)
read from left to right specify the successive branches down the tree of the unique path that starts from the
root node and ends at the node corresponding to Q¥ at level k. Thus, block Q¥ is seen to lie inside the larger
block Q7, where ¢ < k, precisely when the base four expression for p is given by truncating the right-most k — ¢
digits of the base four expression for i.

Referring again to Figure 7, we next describe the action of the WPC group Z(1,9) on the tree Q(1,9) and

on 512 x 512 images. For k = 0,...,8 let agk) be the group element that cyclically shifts the four subtrees

descending from the i*" node at level k, and fixes the remainder of the tree. Equivalently, agk)

cyclically and

rigidly permutes the four quadrants within the i*" subimage (of dimension 2°~* x 2°~%) 'and fixes the remaining

portion of the image.
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For example, at level 0 the group element a(()o) cyclically permutes the four nodes at level 1 in a clockwise

(0)

direction, and rigidly shifts the trees descending from them. Equivalently, oy’ acts on images associated to

Q(1,9) by cyclically permuting the four quadrants Q3,...,Q%, but keeping intact these four subimages (and
(8)

not rotating them). Also, for any i, 0 <i < 4% — 1, the element a; ’ acts as a 4-cycle on the leaves of the tree
or the pixels of an image by rotating the appropriate 2 x 2 subimage and fixing all other pixels. Every element
of Z(1,9) may be written as a product of these permutations (where we allow repeated applications, or powers,

of a given group element). Equivalently, Z(1,9) is generated by these elements. In fact, it is easy to see that:

Z(1,9) is generated by a(()o), agl), ... ,a(()g) (3.20)

and these are a minimal generating set (the minimality follows from Burnside’s Basis Theorem, cf., Exercise 26,

Section 6.1 in [22]).

4 FOURIER ANALYSIS AND MULTIRESOLUTION

In this section we shall describe the decomposition of the space L(Xm) of discrete signals indexed by the leaves
of the tree T, into a sum of irreducible subspaces under the action of the WPC group Z,,. From this we
shall obtain a wreath product based discrete Fourier series, and a multiresolution-like decomposition of the
space. The natural level structure of the tree—as reflected by the sequence of normal subgroups (3.11) of the
group—will imply that the decomposition may be implemented by a multichannel pyramid DFT filter bank
(in polyphase form). In order to describe this precisely we first continue the brief outline of the theoretical

underpinnings of finite group-based signal processing begun in Section 3.1.

4.1 Invariant decompositions

Continuing the development in Section 3.1, let G denote an arbitrary finite group acting transitively on the
set X. We describe how the left (or right) regular representation of G on L(G) decomposes, and then use this
decomposition to infer the spectral decomposition of G' acting on the subspace L(G/Gy) = L(X) of all discrete
signals of length N. When there is a natural hierarchy to the subspaces, this decomposition can give a finite,
multiresolution analysis of each discrete signal f € L(X) (as discussed in [46]). This is the case for the iterated
wreath products, and here the decomposition is a finite analog of the multiresolution analysis usually associated
to a wavelet decomposition. The proofs of results cited in this section may be found in standard references on
representation theory such as [59] or [22].

The decomposition of the regular representation of G' described in Example 0 of Section 3.1 is given by the

classical Wedderburn’s Theorem:

Theorem 4.1 Let G be a finite group acting on L(G) by right (or left) translation. Then L(G) has an orthogonal

G-invariant decomposition as

LG =My®d M, ®---® M,_; (4.1)
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where each My, is a uniquely determined G-invariant subspace of dimension ds. Each My, further decomposes as
a direct sum of dy, irreducible G-invariant subspaces. If I, is any one of the irreducible subspaces in Mj,, then
the representation of G on My, is equivalent to (i.e., the same up to a change of basis) the representation of G

on the direct sum of dy copies of I,. We denote this by

M2l &I, ®--- DI (dy factors). (4.2)

The subspaces My, are called the isotypic components of L(G). If G is abelian, then each dj, is one, M}, = I},
and the My’s are the simultaneous eigenspaces of all elements of G. If G is non-abelian, however, some of the

dy, are at least two, the corresponding M}, have dimension at least four, and these M}, are necessarily reducible
(by (4.2)).

Every irreducible representation of G is equivalent to one of Iy, I1,...,I._1, and no pair of these are
equivalent. The number, r, of inequivalent irreducible representations of G equals the number of conjugacy
classes of G (which equals the order of G when G is abelian).

For arbitrary finite groups the projection map 7, of L(G) onto the (not necessarily irreducible nor one-
dimensional) isotypic component My, is described as follows. Each irreducible subspace I within My has an
associated irreducible character x;. The character yj is a complex-valued function on G whose value on the
group element « is the trace of any matrix representing the linear transformation of « acting on I (which is a

G-invariant subspace of L(()).

Theorem 4.2 (See e.g. [59], Theorem 8 (ii), Section 2.6) For any f € L(G) the projection of f onto My, is
then given by

m(f)(0) = |%| S M@IDf(B),  foralacG (43)

BeG
where the overbar denotes complex conjugation.
Example 0. Consider the action of G on L(G) defined in Example 0 in Section 3.1 (the right or left regular

representation). With a change of variables (4.3) may be rewritten in operator form as a generalized Fourier

transform:

m(f) = %’] S (BB, (1.4)

BeG

The (generalized) Fourier series or spectral decomposition of f with respect to the group G is

fziﬂk(f)- (4.5)
k=0

Example 1. Let G be the cyclic group of order N generated by o, acting on a set X of N points by cyclic
shift. Then G and X may be identified with each other, and similarly, L(G) with L(X). Let f(n) denote
f(e™) = f(zn). In this case the decomposition in (4.4) reduces to the N-point DFT decomposition: Let W
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be the N*® root of unity €*™//N where j = v/—1. Then the sampled exponential function E¥(n) = W"* is an
eigenfunction for o, and is a basis for the one-dimensional space Mj,. The k' coefficient of a signal f(n) € L(X)

expressed in this basis is given by its k" discrete Fourier coefficient:

E (n), 0<k<N-1 (4.6)

where the overbar denotes complex conjugation. Notice that this is simply the inner product of f with E,
which is N times the projection of f onto Ej. The decomposition (4.1) is the representation of each f with

respect to the basis of eigenfunctions, i.e., the discrete Fourier series for f:
1 N
Z k(

The function %kak is the projection, 7 (f), of f onto My, the one-dimensional eigenspace for G.

Example 2. For the two-dimensional DFT, we also proceed as in Example 2 of Section 3.1. In this case the
Fourier basis is the matrix of sampled exponential products, ((Ey,(i)En(k))i k. This corresponds to taking a

tensor product of the sampled exponentials as the basis. Projection onto this basis is the usual two-dimensional
DFT.

Examples 1 and 2 are abelian, while Example 0 describes the general case. Section 4.2 is devoted to

examining the particular non-abelian case of the WPC groups Zy, in some detail.

Theorem 4.1 describes the decomposition of the regular representation, when G acts on the space L(G) of
signals indexed by @G itself. From it we may infer the decomposition of G acting transitively on any set X (eg

Zm acting on the set of leaves of a tree):

Theorem 4.3 The decomposition of any G-invariant subspace U of L(G) into its isotypic components, UN M,
can be computed by applying to U each of the projection maps m to obtain the spectral decomposition of U. In
particular, when U = L(G/Gy) = L(X) this gives the spectral decomposition of L(X) and the Fourier series of
each f € L(X) with respect to G.

As noted previously, the isotypic components My, for the regular representation need not be irreducible,
and in general there need not be a natural choice of basis functions for My. It may still be the case, however,
that the k' isotypic component of the G-invariant subspace U is irreducible. We shall see in this situation that
there is a generator of this component of U (where the irreducible component is spanned by G-translates of this
function), and this generator plays a critical role in the convolution of functions (discussed in [50]). We say that
the representation of G on the invariant subspace U is multiplicity-free if every nonzero isotypic component of
U is irreducible. The family of multiplicity-free representations includes many groups acting in various natural
ways as permutations on sets X i.e., for many signal spaces L(X). In particular, this will be the case for the

wreath product groups Zu, acting on L(Xy).
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When the isotypic or irreducible components have a natural order or hierarchy, then decomposing a discrete
signal f € L(X) into its isotypic or irreducible components can give a natural (finite) multiresolution decom-
position of f. Each of these components (“harmonics”) of f contains some of the information of f, and one of
the challenges of this group-based approach is to determine which groups and which isotypic (or irreducible)
subspaces for some action of G on the spatial domain L(X) carry concentrations of specific kinds of information.
We shall see for wreath product groups that the multiresolution analysis has additional structure analogous to

a finite wavelet decomposition.

Remark. For many groups there exist efficient algorithms for computing the spectral decomposition of any

f € L(X). See the papers [48, 49] for recent progress in this area.

4.2 A Multiresolution approach for Fourier analysis on wreath products

Continuing in the notation of Section 3.2 let m = (my,...,m,_1) be an n-tuple of integers, all at least two.
For the moment let G be any wreath product group (3.10) acting on the tree Tm, and let L(X,,) denote the
space of all complex valued functions on the set Xy, of leaves of Ty,. Representations of wreath product groups

have been studied in [40].

We first describe a G-invariant filtration of the spatial domain L(Xp,).

Theorem 4.4 Set V,, = L(Xm) and for 0 < i < n —1 let V; be the space of all functions that are constant
on each block of mymiy1---myu_1 leaves that descend from a common node at level i. (Thus Vg is the one-

dimensional space of functions that are constant on all leaves.) These subspaces form a complete filtration of

L(Xm),

0CVWCWVCVC--CVy=L(Xm). (4.8)

Moreover, the spaces V; are all G-invariant, and B; is the subgroup of G that acts trivially on V;.

Example 1. For m = (3,4) (n = 2) as depicted in Figure 4, then V; is the set of functions f such that
f(@o) = f(a1) = f(z2) = f(a3), and f(z4) =+ = f(w7), and f(zs) =+ = f(z11).

Example 2. Let Ty be the quadtree Q(k,n) structure on the spatial domain of 2F" x 2% images scanned in

the quadtree manner. Then V; consists of images which have constant color/intensity on each ok(n—1) y gk(n—i)

subimage within the nested grid.

In general, if v/ is a node of the tree at level j let e;; be the function that is 1 on all leaves below v;;
and zero on all other nodes. Then the unit “step functions” e; ; form a basis of V; that is orthogonal (disjoint
support) under the usual inner product. The collection {e,,; | i =0,...,mg---my_1 — 1} is the basis of L(Xy,)

of delta functions on the set of leaves. These bases are “shift invariant” under the group action:

Lemma 4.5 For each j the group G permutes the basis {€;0,€j1,...,€jmo--ms_1—1} Of Vj.
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There is a natural notion of “scaling” among these basis functions given by the level of the tree from which

they derive. Each step function e;; is the sum of all step functions e;y; » corresponding to the nodes l/g,Jrl

at level j + 1 descending from V{ . The number of leaves in the support of e;; is m; times the support size
of ej1,7. We shall see that for certain groups G there are similar relations between other choices of bases at
different scales i.e., they are “generalized Haar wavelets”.

Next we exhibit a G-invariant decomposition* of V;,1 as V; @ W;. For each j define the j'" (normalized)
Radon transform or augmentation map as follows. For each leaf  in the tree let v;(x) be the unique node
at level j above x, and let Aj(x) be the set of all leaves that lie below v;(z) in the tree. For example, if Xm
indexes the space of 28" x 2F discrete images with quadtree structure Q(k,n), then each leaf z represents a
pixel position; v;(x) is the particular 25("=9) x 2¥("=J) subframe in the nested grid that contains pixel 2 and
Aj(z) is the set of all pixels within that subframe. The ;" Radon transform is a map,

R;: L(Xm) —> V;  defined by Rj(f)(m):m S flam). (4.9)
J zn€EAj(T)

In other words, R;(f) is the function that is constant on each A;(x) with value at z equal to the average value
of f on Aj(z). For fixed j all the blocks A;(x) have the same size, mjm;i1 - --my,_1, so the averaging constant
depends only on the level j. Note that each Radon transform is a linear transformation, and is G-equivariant.

The latter means that,

aR;(f) = R;(af), for all a € G. (4.10)

Evidently if f € V; then R;(f) = f, so R; is the projection of L(Xm) onto V;. Now R; also projects Vi1
to V;. Let WW; be the nullspace of the Radon transform from Vji1 to Vj, so W; = {f € Vj41 | R;(f) = 0}. Thus
W; consists of those functions with zero average value on each block A;(z). Using (4.10) it is not difficult to

show the following.

Theorem 4.6 The Radon transform gives a G-invariant decomposition of Vi1 as

Vigr =V; @ Wy, for all j, (4.11)
where W; is the nullspace of R;.

This gives a general description of a multiresolution decomposition of L(X,y,) for any wreath product group G.
The further decomposition of L(Xy,) into irreducible G-invariant subspaces depends on the specific factors H;
in (3.10) that comprise G.

Theorem 4.6 provides a recursive decomposition of V;,; which we use to determine its irreducible compo-
nents. Now V; may be considered as the space of all functions on the leaves of the truncated tree Ty, .. .m;_1)
obtained from 7, by deleting all nodes at levels greater then j; a function f in V; is deemed to have the value

on node v at level j equal to the sum of all its (equal) values on leaves beneath v. The normal subgroup B; of

4The existence of a G-invariant complement Wj to Vj is guaranteed by Maschke’s Theorem from representation theory, however
we explicitly construct it.

21



G acts trivially on Vj, so by Theorem 3.1 the quotient group G/B; is a wreath product group acting on this
truncated tree and in a corresponding way on its spatial domain V. Thus the decomposition of V; reduces to
the problem of decomposing a spatial domain with a tree structure and wreath product group action, but of
smaller sizes. In this way there is a natural recursive methodology for decomposing the components of V;. We
now focus on finding the irreducible decomposition of subspaces W; in the special case of a wreath product of
cyclic groups. At the conclusion we shall recursively assemble the pieces and describe the overall decomposition
in this case. We begin by revisiting the usual one-dimensional DFT, interpreted as the tree of one level with

cyclic symmetry group.

Theorem 4.7 Assume G is the wreath product of cyclic groups Zm (cf., (8.14)). When the tree has only one
level (i.e., n = 1) G is the cyclic group Z,, cyclically permuting the mq leaves of the tree, and the decomposition

of L(Xm) is given by the usual cyclic DFT expansion of a function as its discrete Fourier series (cf., the remarks

preceding (4.7)):

L(X(mg)) = Vo @ Wo1 @ Woo @ -+ D Womg—1- (4.12)

where each subspace is one-dimensional and G-invariant. The projection of f onto Wy is given by the k'™

Fourier coefficient of f for the mg-point DFT; the projection of f onto Vj is given by the 0"* Fourier coefficient,
which is the sum of the values of f.

The decomposition of L(Xy,) for n > 1 is thus seen to be a natural (non-abelian) generalization of the

discrete Fourier transform.

Theorem 4.8 For G = Zy,, the vector space L(X,,) decomposes into G-invariant subspaces as

L(Xm) = Vn = Vn—l S Wn—l

(4.13)

=V ®@Wh 11 ®@Wy120@ - @ Win_t,mn,_1-1

where Vy,_1 and W,,_1 are as in Theorem 4.6. Furthermore, Wy_1 . is irreducible and
dim Wy_1r =8 =momq - My_2, for every k. (4.14)

In (4.14) s equals the number of nodes of the tree at level n — 1. Also, Wy_1 1, and W,_1 p are inequivalent

representations whenever k # k'.
As noted earlier, the decomposition of V,,_; into irreducibles may be arrived at recursively.

Theorem 4.9 In the notation of Theorem 4.8 for m = (mo,...,mp—1), let m' = (mg, m1,...,my—2). Then
G/B,,—; is isomorphic to the wreath product of cyclic groups Zuy acting on the truncated tree Ty with leaves
X - Under this identification the Radon transform R,—1 gives that V1 = L(Xny), and hence, this space

may be decomposed recursively according to Theorems 4.7 and 4.8.

Corollary 4.10 The representation of Zy, on L(Xm) is multiplicity-free.
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This follows, since by Theorem 4.8 the irreducible spaces W , are all inequivalent. For fixed j and different
k this was noted above; and for different values of j they have different dimensions.
By Theorem 4.9 it suffices to describe bases of each W, _; defined in Theorem 4.8, and to give the

coefficients of the expansion of any f € L(X,) with respect to these basis functions.

Let W be the (mpn_1)™ root of unity e2™/m»-1 where j = \/—1. Then for each k > 1 the signal

Pk <p<m, -1
hk(wp)Z{W o USPEme (4.15)

0, D> Mp 1

is a basis vector whose independent G-translates form a basis of W;,_; . Note that h; is supported on the
initial m,_; leaves of the tree, i.e., on the leaves descending from the zeroth node of the tree at level n — 1. If
hi,q is the corresponding impulse response filter supported on the ordered set of leaves descending from the gt"
node at level n — 1, then hy = hg o and hgo, Ak, - .-, hi,s—1 is a basis of W,,_1 ; (where again s is the number
of nodes at level n — 1 as in (4.14)). (The proof that these functions form a basis is outlined in a remark at the
end of this subsection.)

We now observe that the wreath product decomposition also generalizes the one-dimensional Haar decom-

position for signals of length 2.

Theorem 4.11 In the special case when Ty, is the binary tree (m = (2,2,...,2)), in which case G is the
wreath product of cyclic groups of order 2, the basis functions hn,_1 4 are precisely the discrete Haar wavelets
at scale (level) n. The function hp—1 = hp_1,0 is the mother wavelet, and the other wavelets at level n (i.e.,
at the highest level of detail) are its G-translates. The wavelets at scale j are obtained by applying the Radon

transform R; to these.

For a general WPC group, the projection of a signal f onto W,,_1 j is obtained from the m,,_;-point DFTs
of f on each of the s sets of leaves descending from the same nodes at level n — 1. For the ¢'" node at level

n—1let fk,q be the k' coefficient of the m,, ;-point DFT of f on these (ordered) leaves, i.e.,

mn_l—l

Fra= > F@gma )W " (4.16)

=0

Then the projection of f into W,,_; . is given by

M

s—1
anl,k(f) = fk,qhk,q- (417)
q

i
o

For k > 1 the coefficients ]?k’q are the k* wreath product Fourier coefficients of f at level n — 1. The collection
of all wreath product Fourier coefficients is called the wreath product spectrum, or WPC' spectrum, of f.
The wreath product Fourier coefficients of f at all levels can now be obtained recursively, and in this way

the WPC spectrum of f is computed. We describe how this may be computed effectively through multichannel
filter banks.
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As usual, let f € L(Xm) be a discrete signal of length momy -+ mp—_1, let s = momy -+ -mp—s. Using a
block transform DFT filter bank (in polyphase form) the signal is split into s disjoint blocks, each of size m,,_;
(where each block corresponds to a set of leaves descending from a common node at level n —1). An m,,_;-point
DFT is applied to each block. For each k € {0,1,...,m,_1 — 1} the k*® output coefficient is stored in a vector
wp—1; of length s. For k > 1 the highpass coefficient vectors, wy,_1 1, are the projections of f onto Wy_1
and the coefficients in these vectors are the wreath product Fourier coefficients. The lowpass coefficient vector
Wp_1,0 is obtained from the 0" DFT coefficients. This lowpass vector is now fed to an m,,_»-point block DFT
filter bank by splitting it into mg - --mp,—3 blocks, each of size my,_2. This pyramid process is continued, at
each stage storing the highpass vectors w; for £ > 1 and continuing to filter the lowpass vector w; . The
pyramid terminates after n stages, when the single block w; o of length my is passed through a mg-point DFT
filter bank. The 0'® (lowpass) coefficient of wy o is seen to be the sum of all values of f. We shall refer to this

algorithm as an m-channel DFT filter bank. In this language we restate Theorem 4.11 as

Theorem 4.12 In the case of a binary tree, the (2,2, ...,2)-channel DFT filter bank is the Haar transform of

a discrete signal.

The inverse wreath product Fourier transform or synthesis algorithm is also easily described. The synthesis
stage of the m-channel DFT filter bank algorithm gives perfect reconstruction. This algorithm is completely
analogous to the analysis algorithm, but uses inverse DFTs (which involve appropriate normalizing factors)—the

details are omitted.

Remark. As mentioned at the end of Section 3.1, in representation theoretic terms, the representation of G
on L(Xuym) = L(G/G)y) is the principal (trivial) representation, I, of the subgroup Gy induced to G, denoted as
Indg0 (I). This may be computed by first inducing I from Gg to the larger subgroup G; = GoB,,—1, which is

the stabilizer in G of the zeroth node at level n — 1, to obtain:

IndGi(I) = Jo+Ji+ -+ T, 1 (4.18)

where each Jj is a one-dimensional representation and .Jy is the trivial representation of G;. It then follows
that V,,_1 = Indg1 (Jo) and Wiy, = Indg1 (Jg) for k> 1. From the formulas for induced representations the

characters of these representations may be explicitly computed and hence the projections of each signal f onto

the subspaces can be computed as well.

4.3 An explicit realization of the one-dimensional spectral transform

While the WPC spectrum of a signal f in L(X) can be determined and evaluated by the fast algorithm
described above, it may also be seen in terms of a one-dimensional unitary block transform which we shall
call the wreath product transform or WPT. This perspective provides additional insight into the multiresolution
structure of the decomposition.

As an illustration with reference to Figure 9(a) and (b), we consider the WPT on the vector space L(1,2) of
signals indexed by the tree 71 ». Here signals are of length M = 16. Elements in L(1,2) may also be considered
as 4 x 4 images scanned in the k = 1, n = 2 quadtree fashion, as displayed explicitly in (3.16).
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The WPC group Z(1,2) decomposes the 42-dimensional vector space L(1,2) into irreducible, group invariant

subspaces,

L(1,2) =Vo o Wo1 & Wo2 & Woz & Wi & Wiz d Wi (4.19)

where Vo, Wo,1, Wo 2, Wy 3 are each one-dimensional, and Wi 1, Wi 2, Wi 3 are each four-dimensional. Explicitly,
each Wi ; is obtained from the kth highpass coefficients of a 4-point DFT block transform; and each Wo,k is
then the k' coefficient of a 4-point DFT on the four DC terms obtained from the four blocks. Thus the
projections onto Wy 1, Wi 2, Wi 3 are decompositions at the detail level, while those onto Wy 1, Wo 2, Wy 3 are
decompositions at the next coarsest detail level; projection onto Vy provides the coarsest approximation, giving
the 16 times the average value of the signal f. This spectral (or generalized Fourier) decomposition can be

shown in terms of a block transform, A, on signals £ = (f(0),..., f(15)):

M—-1
~ ~
f=Af = f)=)> ap.fl@)) 0<p<M-1 (4.20)
q=0
where,

1 1 1 1 1 0 0 0 1 0 0 0 1 0 0 0
1 1 1 1 i 0 0 0 -1 0 0 0 —i 0 0 0
1 1 1 1 -1 0 0 0 -1 0 0 0 -1 0 0 0
1 1 1 1 —i 0 0 0 -1 0 0 0 i 0 0 0
1 i -1 —i 0 1 0 0 0 1 0 0 0 1 0 0
1 i -1 —i 0 i 0 0 0 -1 0 0 0 —i 0 0
1 i -1 —i 0 -1 0 0 0 1 0 0 0 -1 0 0
A | ! i -1 —i | 0 —i 0 0 | 0 -1 0 0 | 0 i 0 0
I I T | 1 -1 | 0 0 1 0 | 0 0 1 0 | 0 0 1 0
1 -1 1 -1 | 0 0 i 0 | 0 0 -1 0 | 0 0 —i 0
1 -1 1 -1 0 0 -1 0 0 0 1 0 0 0 -1 0
1 -1 1 -1 0 0 —i 0 0 0 -1 0 0 0 —i 0
1 —i -1 i 0 0 0 1 0 0 0 1 0 0 0 1
1 —i -1 i 0 0 0 i 0 0 0 -1 0 0 0 —i

1 —i -1 i 0 0 0 -1 0 0 0 1 0 0 0 -1 J
1 —i -1 i 0 0 0 —i 0 0 0 -1 0 0 0 i

= [ ap,ai,az,... ,ais ] (421)

and f(p) is the p'! generalized Fourier coefficient of f. Here a; denotes the j+15¢ column of A. Thus A is the
synthesis matrix of a wavelet pyramid algorithm for finite sized sequences, and its inverse represents the analysis
stage. In order to carry out convolution products (presented in [50]) the column vectors a; are not normalized.

However, they are orthogonal (of varying lengths). Thus AA*T is the diagonal matrix D whose 4,i entry is

|| a; ||2. Thus the analysis matrix A= = A*TD~1 is easily computed, and it gives the spectral transformation:
M-1
T _ A*T—1 YA *
f=A"TD 't = f(p)=> bv(pefle, for 0<p<M-1. (4.22)
q=0

Columns of A constitute an orthogonal basis for L(1,2): ag is a basis for the one-dimensional space of constants
Vo; columns a;, ag,ag are bases for the respective one-dimensional subspaces Wy 1, Wy 2 and Wy 3. Scaled and
translated versions of the prototype ay span respectively the (detail level) space Wy, for & = 1,2,3. More
specifically, a4 to a7 span W 1, ag to az; span Wi, and aj2 to a;s span Wi 3. Basis functions a;,az,ag are
progressively scaled by a factor of i and translated by increments equal to their support, so that the set of all

basis functions at any scale completely cover the interval. No “lapped” effect is present. Note that the basis

functions are structured and that the transform, being based on cyclic groups, is nonexpansive.
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As we saw in the discussion preceding Theorem 4.11, for general k and n the associated transform matrix A

275 /4"

has basis functions (its orthogonal columns) containing powers of the root of unity e , and these functions

are progressively scaled by 4=%. Again, each of the scaled basis functions are translated by increments equal
to their support, and the complete set of basis functions at any scale cover the interval. For normalized A, we

obtain a unitary transform.

5 WPC GROUP BASED IMAGE PROCESSING

In this section we consider the space L(k,n) of discrete signals indexed by the leaves of the tree T(ak,... ax) as
this space decomposes under the action of the WPC group Z(k,n), and we apply the theory to the special
case where the signals represent 2F" x 2k7 discrete images with the quadtree structure Q(k,n), scanned in the
quadtree fashion. We first show that the WPC spectrum of such images may also be stored in a “quadtree”
fashion that preserves locality: the so-called quadtree spectrum. We then examine, by way of the space of
512 x 512 images discussed in Section 4, the action of individual elements of the WPC group on images and
their corresponding action on the quadtree spectra of images. Finally, we again relate these observations to the

one- and two-dimensional Haar spectra.

5.1 The quadtree spectrum of an image

The spectral coefficients may be grouped and stored in various ways to illuminate relations between the original
signal and its spectrum. We describe one such scheme for a 2" x 2*¥” image f scanned into a one-dimensional
signal in L(k,n) with the quadtree indexing scheme. This quadtree spectrum of f is denoted by Q(f). In this
scheme the WPC spectrum of f is displayed as a 2 x 2¥” matrix in such a way that the projections of f onto
the irreducible, WPC group-invariant components (i.e., its multiresolution components) appear as a nested grid
of subimages within this spectral matrix. Moreover, the WPC Fourier coefficients of f from a given irreducible
subspace W;; are stored together in a 2% x 2%/ subimage so that locality of the original image is preserved:
(1) each pixel value within the spectrum depends only on a block within the original image at a corresponding
location, (2) different pixels in the same spectral subimage depend on disjoint blocks, and (3) adjacent pixels
depend on adjacent blocks. Furthermore, the projections of the image into the multiresolution subspaces V; in
Theorem 4.8 (i.e., the spectral coeflicient vectors w; o described after Theorem 4.11) appear as nested increasing

subimages of size 2F/ x 2%/ in the upper lefthand corner of this (quadtree) spectral matrix.

This is accomplished as follows: First store each of the vectors w, 1, in a 2k(*=1 x 2k(=1) array 4
in a clockwise spiral manner, beginning in the upper lefthand corner, for p = 1,2,...,4% — 1. Then position
the arrays A, as submatrices of a 2" x 28" matrix Q(f) in clockwise spiral manner, but leaving the upper
lefthand corner block empty and starting with the upper secondmost lefthand block position. The upper lefthand
2k(n=1) 5 9k(n—1) submatrix of Q(f) is now recursively filled in with the Fourier coefficient vectors for the lower
scales, inserted in quadtree manner. The final upper lefthand 2% x 2¥ submatrix then contains wi,0; and the
1,1 entry of Q(f) is the sum of all values of f. We shall refer to Q(f) as the quadtree Fourier series or quadtree

spectrum of f.

26



Example 1. Let f = (a;;) be a 4 x 4 matrix as depicted in (3.16). Here n = 2 and m = (4,4). The first step
in the (4,4)-channel DFT filter bank algorithm divides f into four blocks of size 4; in the quadtree algorithm

these are a 2 x 2 grid of 2 x 2 submatrices:
f= <A1,1 A1,2> _
A1 Azp
The quadtree spectrum of f is then
on=(g ).
For i = 1,2,3, Q; is the 2 x 2 matrix whose p, ¢ entry is the i*" coefficient of the 4-point DFT applied to Ap g

Thus letting W = ¢2™/4, j = /=1 and overbar denoting complex conjugation

J— —2 —3 — =2 -3
Q _ (@11 + 0,172W + a272W + 0,271W 1,3 + a174W + (LQAW + a273W
1= = =2 —3 — —=2 —=3 |-
3,1 + 0,372W + a472W + 0,471W 3,3 + a374W + a474W + a473W

The matrices @)y and @3 are computed using the same formulas for the entries, but with W replaced by W?
and W3, respectively. Likewise let Qf be the 2 x 2 matrix whose p, ¢ entry, s, ,, is the 0" coefficient of the
4-point DFT of A, ,, i.e., the sum of the entries of A4, ,. The recursive step in the quadtree Fourier algorithm

then gives the entries of @y as the coefficients of the 4-point DFT applied to Qy:

= =52 =53 o =52 =3
Q _ [ S11 + SLQW + 8272W + 8271W 51,3 + 8174W + 8274W + 8273W
0 — — =52 =53 o =52 =3 | *
53,1 + 8372W + 8472W + 8471W 53,3 + 8374W + 8474W + 8473W

This gives the complete formula for the Q(1,2) quadtree Fourier series algorithm.

For general 2¢" x 2¥" images calculation of the quadtree spectrum is especially amenable to a recursive
algorithm which we now describe. Note also that (ignoring delays in sequential signals) the blocks may be
processed independently, so that the algorithm is naturally parallelizable.

For clarity we describe the algorithm only for & = 1; extending the algorithm to larger k is transparent.
Figure 11 shows an example of such a spectrum. Suppose that the image f is the 2" x 2" matrix (ap ) with
complex entries. The entries of the 2™ x 2™ matrix (b, ) = Q(f) are determined as follows: f is partitioned

into blocks of size 4, namely its 2 x 2 submatrices, each of whose upper lefthand entry has both indices odd.

a25—1,2t—1 @A25—1,2¢t

Scan each of these 2 x 2 submatrices
A2s,2t—1 Q25,9

) in a clockwise spiral fashion beginning with the
upper left corner to form the vector

Us,t = (02s—1,2t—1 y A25—1,2t , A25.2t G2s,2t—1) (5-1)

for 1 < s,t < 2" 1. Compute the Fourier coefficients, U5 +(p), of a 4-point DFT on v 4:

Us.t (D) = a25—1.20—1 + Q251,26 WP + 5.0 W?P + g 00—1 WP (5.2)

27



where p = 0,1,2,3. The three “highpass” DFT coefficients are inserted in Q(f) in positions
bs,Q"*1+t = as7t(1)
b2"_1+s,2"_1+t - i)\s,t(2) (53)

bon—1ss = Dat(3).

This fills out the three “outer” 2"~! x 2"~! blocks Uy, Us and U; of the quadtree matrix (b 4), and it remains
to compute the upper lefthand 27! x 27! block, Uy. Proceed recursively by replacing the degree 2" square
matrix (ap,) in the preceding paragraph by the degree 2"~! square matrix whose s,t entry is the 0'" DFT
coefficient, U5 4(0), of the corresponding 2 x 2 submatrix block. This step then repeats for this smaller matrix,
placing the resulting Fourier coefficients in the three “outer” 2"~2 x 27"~2 blocks of the original upper lefthand
Up.

This recursion continues, at the j** stage filling the three outer 2”7 x 2"~J blocks in a nested grid for Q(f),
but leaving empty the upper left 27 =7 x 2777 block. At the last i.e., (n—l)St stage the 2 x 2 vacant block is filled
with the four 4-point DFT coefficients computed from the 2 x 2 Uy-matrix passed down from the preceding step.
Note that the 1,1 coefficient of Q(f), b1,1, represents the sum of all values of f. A normalized spectrum may
also be determined by multiplying by a factor of 1/4 at each stage of computation of the DFT. However, as we
observe in [50], in order to retain the proper scaling of the multiresolution components to compute convolutions
using Q(f), there should not be a normalization. Note also that if all entries of f are real, then at each level
the block matrices U; and Us—which are positioned symmetrically about the diagonal of Q(f)—are complex
conjugates of each other, and Us—which is along the main diagonal—is a real matrix.

The inverse transform may likewise be computed via a direct algorithm involving the same number of steps,
based on the inverse 4-point DFT. Finally, note that different factorizations of a fixed N as N = kn give different
quadtree spectral decompositions of the same 2V x 2V image. In the context of computing WPC convolution,

we explore some of these different decompositions in [50].

5.2 Spectral invariance of 7(1,9) acting on 512 x 512 images

In this section we explore the effects of group operations on the vector spaces L(k,n) and the resulting effect
on a discrete signal f and on its spectrum. With the group-invariant property, we have group-invariance of the
spectrum with respect to group operations. For a two-dimensional discrete image f we see that group operations
can correspond to standard geometric operations on images. The WPC magnitude spectrum is shown to isolate
lines and edges, and the phase is shown to provide additional information about image features. Comparisons are

made between the wreath product transform (WPT) and both the one- and two-dimensional Haar transforms.

We first focus on specific examples—in particular, building on the 512 x 512 examples developed earlier—to
explore WPC multiresolutions. In [50] we pursue these examples further to test the efficacy of WPC convolution

and correlation for some classical problems in image processing.

With reference to Figure 7, we consider the WPC group Z(1,9) acting on the vector space L(1,9) of

tree-structured 512 x 512 images. The WPC multiresolution of signals is visualized in this context as follows:
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Let Vo, Vi,...,Vy denote the group-invariant subspaces of L(1,9) associated to levels 0 through 9 of the tree
respectively, as described in Theorem 4.4. Recall that V; is the subspace of all images that are constant on each
2977 x 2°7J subimage in the collection of nested quadrants. Equivalently, Vj is the space of all functions on
the leaves of the tree that take the same value on all leaves which lie below some common node at level j. In
this level structure on L(1,9) the highest level space (in the tree-theoretic sense), Vy, corresponds to the finest

detail and the lowest level space Vj to the coarsest.

The group-invariant subspace V; has dimension 47 since it may be identified as the vector space associated
to the tree Q(1,), obtained from Q(1,9) via truncation at the j*® level; in this way elements of V; may be
associated to 27 x 27 images. The projection of an image f onto the space V; is then visualized as the 27 x 27
image obtained from f by collapsing each block QZ to a single pixel whose value is the sum of the values of f

on all pixels within Qf —this is the non-normalized Radon map from L(1,9) to V;. Thus the map of f onto Vp
gives the sum of all values of f.

For j > 1, each V; decomposes further as the direct sum of V;_; and three irreducible, group-invariant
subspaces of dimension 477!, labeled Wi_1,1, Wj_1,2 and Wj_q 3. The quadtree spectral algorithm shows that
the projection of an image f in V; onto these irreducible subspaces is computed via 4-point DFTs. Note that
Vb is the one-dimensional space of constant functions at level zero, i.e., the set of images of totally constant
color or intensity. Thus, for example, the subspaces Wi 1, Wi 2 and W 3 at level 2 are all of dimension 4, and

lie within the 16-dimensional space V5:

Vo=VieoW;1 &@Wi2® Wis. (5.4)

Note that Vi3 =V, & Wy,1 & --- @ Wy 3 is the 4-point DFT decomposition of a space of signals of length 4. For
a real-valued signal f, its Fourier coefficients in subspaces W; ; and W; 3 are complex conjugates while those in

Wi 2 are real.

As an example of a multiresolution WPC spectrum, consider the 512 x 512 image depicted in Figure 11(a).
For illustration purposes, and also for later use, we use an image containing vertical, diagonal, and circular
edges at different intensities. Its (complex) quadtree spectrum is shown in Figures 11(b) and (c). The finest
resolution spectrum occurring at level 9, defined by projections on subspaces Ws 1, Wg 2 and Wy 3, is shown in
quadrants Q1, @3, and @} respectively of the figure. The image in quadrant Q§—which contains the lowpass
coefficients or DC terms of all the 2 x 2 subblocks—is further resolved into detail spectra at the other 8 levels,
culminating in the projection at level 0. As will be observed later, spectra in the three quadrants at various

levels correspond to filtering the image with three complex directional filters.

5.2.1 The WPC group-invariance property

Invariance properties, particularly one like the invariance of the output to shifts in the input, are highly desirable
for many important signal processing applications such as detection or estimation of signals with unknown arrival
times. In orthogonal and biorthogonal discrete wavelet transforms, the time (space) varying operations preclude
the time (space) invariance property. Unless the shifts are proportional to the subsampling rates, spectral

coefficients may vary throughout the subspaces. The conventional way of addressing the problem has been to
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remove the time (space) varying component after replacing the filters with equivalent filters. However, this
results in redundancy and a corresponding loss of orthogonality. Other solutions to the translation-invariance
problem have been suggested by many authors, a brief summary of which is presented by Del Marco [17]. Earlier
work by Simoncelli, et al., [61], that also entailed redundancy, suggested a weaker form of translation invariance

in the sense that all information within a subband remained within that subband as the input is translated.

Invariance in the WPT exists, mainly due the nature of the underlying wreath product group. Invariance
is in the sense of group operations, and a signal subject to a group operation 7 results in a scaling of the
spectrum at the point of application and a corresponding translation of a portion of the spectrum. Thus the
spectrum scales and shifts as the image shifts. This general group-invariance property for the WPT includes
some translation and rotation invariance, since some WPC group operations do correspond to translation and

rotation operations. In addition, critical sampling and orthogonality are maintained in the WPT.

The effect of group elements acting on a 2° x 2° image f and the resulting spectral invariance can be seen
by evaluating the effect on the basis vectors of the generating elements described in (3.20). First note that if

)

i

agj ) represents an arbitrary member of this family acting on the i*" node at level j, then o’ affects only the

irreducible subspaces at level j and higher (in the tree’s indexing scheme). Thus, for example, with reference

to Figure 7, consider the group element agﬁ) € Z(1,9) acting on the i*" node at the 6 level of the tree; then
aEG) affects only the subspace Wg and all higher resolution subspaces Wy, Ws and Wy, but no others.
We determine the effect of group operations as follows: As defined earlier we have W = €2>79/4 with j = v/—1

(8)

i

vector in each of the subspaces Ws 1, Ws 2 and Wy 3 by (W) (W2)k (W3)* respectively, i =0,1,...,4% — 1,

as the 4" root of unity. Starting with the highest resolution level 9, it is easily seen that (a; ’)* scales the i*! basis

k = 1,2, 3 leaving all other basis vectors unaffected. The corresponding i*" spectral coefficient at this level is

Z(»7))’“ scales the i*" basis vectors in each of the

scaled accordingly. At the next coarser resolution, level 8, («
subspaces Wr 1, Wy 2, and Wy 3 by (WH)E (W?2)* and (W3)* respectively, while cyclically permuting only the

ith set of four basis vectors within each of the subspaces Ws 1, W2 and Wy 3,i =0,1,...,4"—1and k = 1,2, 3.

Corresponding spectral coefficients are scaled and translated accordingly. Similarly, at the next level (a§6>)k
scales the i*! basis vector in each of the subspaces Ws 1, Ws 2, Ws 3 by (WHF, (W2)* (W3)* respectively,
i=0,1,...,45— T and k = 1,2,3. It cyclically permutes the i" set of four basis vectors within Wz 1, Wy 2, W7 3

and the i*" set consisting of four subsets of four basis vectors each in Ws 1, Ws 2 and Wy 3. All other spaces are
left unaffected.

Actions of other group elements on the subspaces follow in like fashion and may be determined accordingly.
We have scaling at the level of application and in the corresponding subspace, and translation of coefficients
within the subspaces at all other higher resolution subspaces. The sizes of the blocks affected, that is the
translated blocks, increase linearly in powers of 4, the increase being proportional to the distance from the
level of application. Hence, under the action of group elements, basis vectors within subspaces are scaled and
translated but remain within the subspace, and spectral coeflicients are adjusted accordingly. For the Q(1,9)

tree, the effect on the subspaces due to group operations at various levels is summarized in Table 1. We observe
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here that scaling by powers of fourth roots of unity occurs only at the level of application while circular shifts

occur at all higher levels.

As a simple illustration of the progressive effect of applying cyclic group elements on subspaces, consider

the tree (1,4) and group elements

a(()o), a(()l), a(()z)’ a[()3) (5.5)
in Z(1,4) acting on the left-most subtrees at levels 0, 1, 2, 3 of the four-level tree, shown in Figure 10. We
associate subspaces Vi, V5, V3, V4 with levels 1, 2, 3, and 4 as before, where 14 is the 1-dimensional subspace at
level 0. The effects of the group elements are shown in Figures 12(a)—(d). In this figure, S1, S2, S3 represent

scaling by W, W2, W3 respectively, while the arrows indicate rotation of the sub-blocks. Starting with a(()g)

at the finest level and continuing to a[()o) at the coarsest, we observe a progression from scaling to scaling and

rotation within the subspaces, the size and number of the rotation blocks increasing the further the subspace

resides from the point of application.

It should be noted that the non-expansive nature of the WPT implies a non-expansive progression of error
due to local perturbations in the signal. Hence, edge effects and other localized features have very specific local
influence. For the Q(1,9) tree, it is clear that changing one pixel value affects one spectral value in each of the
three subspaces at all 9 levels and the DC term (at the 0*® level), for a total of 28 pixel values. Furthermore, the
locations of all affected pixels are known exactly: For example, referring to Figure 8 and writing all quadrant
subscripts in base four, any changes in the original image in quadrant ()3553;—which is the 16 x 16 block located
in the lower lefthand corner of the quadrant Q3 of the image—effect changes in the lower lefthand corners of

each spectral component, i.e., the following blocks in the quadtree spectrum: for i = 1,2, 3,
the 8 x 8 blocks QY%,3.,,
the 4 x 4 blocks Q,s.,
the 2 x 2 blocks Q%;,
the 1 x 1 blocks @Y, and the upper left corner Q9.

By comparison, in the two-dimensional discrete wavelet transform with a dyadic tree structure, a change in one
pixel value of the image results in a change in the spectrum, of blocks of increasing size until a saturation is
reached or until the block size is limited by downsampling. The size of the altered blocks depends on the filter
size and the size of the perturbations in the image. For example, for all filters of size 2N, and assuming that
even samples are retained in the downsampling process, a one pixel change induces a change in the blocks of
size S;11 X Siy1. Letting | - | denote the greatest integer lower than its argument, we have

Si+2N -1

Siv1 = . | i=0,1,2,...,1 (5.6)

up to some level I, after which downsampling reduces the size of the affected blocks. Therefore, assuming N = §,
and a 9-level decomposition of images in L(1,9), altering one pixel value in a 512 x 512 image affects blocks of
size 8, 11, 13, 14, 14, 8, 4, 2 and 1 in all three subspaces for a maximum number of 2515 pixel value changes.

Note that retaining odd samples in downsampling rounds up the integers.
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5.2.2 Effect on spectra of some geometric operations on 2° x 2° images

As an illustration of spectral invariance due to group operations that result in some standard geometric opera-
tions on subimages, Figure 13(a) shows a 512 x 512 gray scale image subject to two group operations: translation
and rotation, as depicted in Figures 13(b) and (c) respectively. The spectra (amplitude component) of the image
and transformed images are shown in Figures 13(d),(e) and (f). As indicated earlier, there is no need for pruning
after each level of the decomposition. Hence we observe the non-expansive nature of the transform by noting
that the image, which is confined to one-quarter of the area, results in a spectra also confined to one-quarter of

the area in all the irreducible subspaces.

Referring to the corresponding tree Q(1,9) of Figure 7, the translated image results from the second-order

cyclic group element (cz(()o))2 applied at level 0. The spectrum of the translated image is then exactly the same
as that of the original, except that at all subspaces other than V4 and Wy, it is translated (circularly shifted)
within each subspace precisely as the image is translated (circularly shifted). At the lowest resolution level, the

spectra in Wy 1, Wo 2, W3 are scaled by (W1)2, (W?2)2, (W?)? while that at Vp, being a multiple of the average

is unchanged. Hence, as defined in Table 1, effects due to (oz(()o))2 are a second-order scaling at the W, subspace
level and second-order circular shifts in all other subspaces at levels above it.

Spectral changes are thus confined to precisely one-quarter of the spectra in each of the subspaces, with the
remainder of the spectrum left unchanged. This may be verified again by recalling that in each of the subspaces,
basis vectors are non-overlapping and orthogonal, with their translates covering the entire length of the signal.
Therefore, transformations on specific portions of a signal affect only the corresponding portions of the spectra.
(()1))3

The 270° rotated image is due to the third-power rotation («a applied at the left-most node at level 1

followed successively by corresponding rotations of 270° at all nodes below it. In other words, this rotation is
effected by applying to the image first (a(()l))3, then (a(()2))3, e, (aéQ))B, then (a(()3))3, . (ag?)B, and the like,
until at the last stage the 2 x 2 blocks within the quadrant Q) are all rotated by (al))3, .., (0‘512)_1)3- Denote
this group operation by 7. As per Table 1, 7 results in both scaling and in cyclic shifts of the spectrum.

We now examine the specific effect of the various elements comprising the product 7. Since 7 does not
contain a group operation at level 0, there is no change to the spectra in subspaces Vp, Wy 1, Wo 2, Wp,3. To
see the effect of (a(()l))3, recall that agl) generates scaling of the basis vectors in the W; subspaces and cyclic
shifts of vectors in all the other higher resolution spaces. Specifically, this occurs as follows: In each of the
4-dimensional subspaces Wy 1, Wi 2, Wi 3, a[()l) affects only the first one-quarter of the support of each of the
four basis vectors. However, since only the first basis vector in each of the subspaces is nonzero in that region,

only that one is affected. Consequently only the first coefficient in the spectrum corresponding to the subspaces
Wi 1, Wi 2, Wi 3 is scaled, with scaling by (W1')3, (W?)3, and (W?)? respectively. In subspaces Ws 1, Ws 2, and
W 3, each of dimension 16, only one-quarter, (or in this case the first four basis vectors in each of the subspaces)
are affected by a cyclic rotation. Similarly, in each of the remaining subspaces W3 1, W3 2, W33, Wy 1,...,Ws 3,

one-quarter of the basis vectors are cyclically rotated in blocks of 4% k = 1,2,...,6. Corresponding coefficients

in the spectrum in blocks of size 2*¥ x 2* are moved accordingly. Hence, the net effect of (oz(()l))3 is that the
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1-dimensional subspace Wy is unaffected, subspace W is scaled, while spectra in the remaining subspaces are
rotated locally in blocks of 2¥ x 2% for k =0,1,2,...,6.

The effect of group operations (a(()Q))B, (agQ))3, . (ag?)3 at level 2, is not unlike that of 7 at level 1,

except subspaces starting from the higher resolution spaces Wy onwards are affected, while the lower reso-
lution spaces remain unchanged. Accordingly, one-quarter of all vectors in the irreducible subspaces W5 1,
W5, and Wa 3 are scaled by (W1')3, (W?2)2, and (W3)3 respectively while vectors in the higher resolution

subspaces are rotated locally in blocks of size 2% x 2%, for k = 0,1,2,...,5. The effect of other group operations

(a£3))3, (ag4))3, ey (aEs))3 may be interpreted in a similar fashion. Accordingly, the cumulative effect of the
group operation 7 on the spectrum is a local 270° rotation of one-quarter of the spectrum in all subspaces with
dimension higher than four with scaling by (WW#)? in subspaces of dimension higher than one. Thus we conclude
that 7 effects cyclic shifts and scaling by (W1)3, (W?2)3, (W?)3, at all the eight higher resolution spaces Ws

through Wy in each of the three irreducible subspaces at these levels.

Comparing the spectra of the original and rotated images, we observe that the spectrum in each of the
subspaces (except subspaces Vp and W) of the rotated image is a 90° counter-clockwise rotation of the corre-
sponding spectrum of the original image, with all irreducible subspaces (except V) indexed by 1,2,3 scaled by

W1, W?2 and W3 respectively.

5.3 Relationship to the Haar transforms

We have already noted that the one-dimensional Haar transform of a signal of length 2% is the same as the WPT
obtained from the binary tree with IV levels i.e., where all the cyclic groups in the wreath product construction
have order 2 (cf., Theorem 4.12). In this section we elucidate the relation of both the one- and two-dimensional

Haar transforms to the WPT obtained from trees with higher order branching.

The WPT may be seen as a generalization of the one-dimensional Haar transform with entries containing
roots of unity. As an illustration and by way of comparison with the Z(1,2) group transform on signals of
length 16 given explicitly in Section 4.3, consider the representation of a input signal f of length 16 in terms of

the Haar transform coefficients u. Thus, f = Hu where
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and as in Section 4.3 or display (4.21), the columns of the matrix H are basis functions for the irreducible
subspaces of the group acting on the vector space. We note the difference between the WPT and Haar transform
bases: While the former involves scaled and shifted versions of a single prototype function (a “mother wavelet”),

the WPT operates in a similar fashion on three prototype functions (whose group translates respectively span the
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three irreducible subspaces at the finest detail level of the decomposition). We see that at the lowest resolution
the Haar transform takes differences of sums of samples; as the resolution increases the differences become more
local. The WPT, while generating a complex spectrum, also generates differences of sums which become more

local as the resolution increases; but the differences are not for adjacent samples but next to adjacent samples.

A clearer and more interesting view emerges when the transforms are applied to two-dimensional signals.
For a 2V x 2 image the two-dimensional Haar transform operates on 2 x 2 subblocks, as does the WPT when
applied to the Q(1, N) quadtree scanned image. Accordingly, consider a prototype 2 x 2 subblock consisting
of four elements xg,z1,z2,z3 scanned in clockwise order. Figure 14 portrays a 2 x 2 grid where the ellipses
indicate summation and the arrows indicate differencing. The two-dimensional Haar transform operates on a
function f defined on the 2 x 2 grid and generates sums and differences that may be considered as measuring

averages as well as horizontal, vertical and diagonal edges:
w(0) =f(zo) + f(z1) + f(22) + f(23)
w(l) ={f(wo) + fz1)} — {f(22) + flz3)}

(5.7)
w(2) ={f(zo) + flzs)} — {f(x1) + flz2)}
w(3) ={f(zo) + flx2)} — {f(21) + f(xs)}.
Likewise, the WPT generates its spectrum according to the following rules:
v(0) =f(zo0) + f(21) + f(22) + f(23)
v(1) ={f(xo0) — flw2)} = W{f(z1) — f(ws)}
(5.8)

v(2) ={f(xo) + f(w2)} = {f(x1) + f(w3)}
v(3) ={f(zo) = f(22)} + W{f(21) = f(z3)}

where W = €277/* and j = \/—1. At this level of detail, the difference between the WPT and Haar transforms
can be explained by the fact that these arise as Fourier transforms for the actions of two different groups on the
space of signals of length 4. The WPT comes from the action of the cyclic group Z4 acting by rotation (modulo
4) and the corresponding Fourier transform is simply the 4-point DFT. The Haar transform is the Fourier
transform for the action of the non-cyclic (but still abelian) group Z» x Z, acting by independent vertical and
horizontal shifts (modulo 2) as described in Section 3.1, Example 2. This difference between the two transforms

propagates to the coarser levels of resolution.

We observe that at the first level of the Haar transform decomposition, (cf., Figure 14 and equation 5.7) the
spectrum may be defined as consisting of “average” horizontal, vertical and diagonal edges where the average is
over 2 pixels. Also noted is that the average w(0) and diagonal edges represented by w(3) are the same as v(0)
and v(3) in the WPT. Furthermore w(1) and w(2) may be derived from v(3) through the sum and difference of
its real and imaginary parts. Accordingly, phase information present in the quadtree scanned WPT is implicitly
available in the Haar transform.

Variables w(1) and w(3), (and similarly, v(1) and its complex conjugate v(3)), are interpreted as approxi-

mations to various edge gradient functions. Consider the gradient of a continuous function f(z,y) along polar
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coordinates r in a direction §. This is defined in [55] as

% = W cos(9) + %“;’y) sin(f) = f. cos(f) + f, sin(0).

Here, the partial derivatives f,andf, are defined along the z- and y-axes, which in the discrete case are evaluated
in terms of row edge gradients g,-(j, k) and column edge gradients g.(j, k) where j, k denote row and column

indices. Accordingly, the amplitude of the spatial gradient g(j, k) is given by

190, o)l = (lgr (G, ) + [ge (4, k1)

while the orientation of the spatial gradient with respect to the row axis, which corresponds to the direction of
the edge is

- — —1 gc(j7k)
0(j,k) = tan REAOR

In the Haar transform, w(1) and w(2) may be considered approximations to the vertical and horizontal edge

gradients. In contrast, variables v(1) and v(3) in (5.8) can be seen as
'U(j, k) = gl(j: k) + WQQ(], k)

where W = €2>™/4, j = /=1 and ¢1(j, k) and g¢»(j, k) are identified as measuring cross differences along
orthogonal directions that are rotated 7/4 radians from the z- and y-axes. Hence these are seen to be diagonal

edge gradients with an amplitude

00, o)l = (g1 (, B + [g2(5, K)*)'/2

and an edge orientation

AN -1 g2(J,k)
0(j,k) = /4 + tan gf(j7k)

with respect to the z-axis.

The multiresolution spectra of the two transforms shown earlier may be compared. We note again that for
the Q(1, N) quadtree scan, one transform can be derived from the other and consequently they are inherently
equivalent. The WPT however—based on a 4-point DFT—permits an explicit frequency interpretation and
consequent analysis in terms of both amplitude and phase. In Figure 11, the WPT is shown in terms of its
amplitude and phase. The gray scale intensity image for the phase shows the phase in the range [—m, 7] with
—7 as black, 7 as white, and values between as intermediate shades of gray. The Haar transform is shown in
absolute value. Since both transforms compute local spatial derivatives, they may be viewed in terms of their
capabilities for line and edge detection, where a line is defined as one pixel thick and an edge is defined as a
transition from a dark to a light region or conversely. The magnitudes of the derivatives reflect the line or edge
intensities.

Alternatively, both transforms may each be viewed as sets of four two-dimensional filters consisting of a

lowpass LP and three directional filters. For the Haar, we define HP,, HP, and HP; as highpass filters in
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the z, y and diagonal directions respectively, with the last of these generating directional filters sensitive to
orientations at 45° and 135° in the image plane. The WPT directional filters consist of H P;—same as the

Haar—and two complex directional filters H Py, and HP;, which are highpass simultaneously in both the z

and y directions. Figure 15 shows the frequency response of the two-dimensional filters.

The two-dimensional 9-level Haar transform is shown in Figure 11(d). The Haar transform detects local
horizontal, vertical and diagonal lines and edges through a measurement of differences. Note that since the
spectrum is displayed using absolute values, we observe in all quadrants of the spectrum edge occurrences that
transition from both light to dark regions (positive slope) and conversely. In quadrants 2 and 4 of the spectrum
we observe, respectively, the presence of horizontal and vertical edges in the image. Diagonal lines and edges
are exhibited in quadrant 3. Here we observe the presence of both the light and dark diagonal lines in the
image, and also the lower intensity diagonal edges of the ellipse. The WPT amplitude and phase are shown in
Figures 11(b) and (c). We first note that since both the Haar and the WPT measure diagonal edges similarly,
quadrant 3 of the WPT amplitude spectrum is identical to that of the Haar, identifying diagonal lines and
edges, as described earlier. Quadrants 2 and 4 in the amplitude spectrum are identical since they measure
complex conjugate quantities v(1) and v(3). The associated complex filter, H P,,,, responds to both horizontal
and vertical edges (but not diagonal ones), and we therefore observe both such edges. In effect, this reflects the
combined result of Haar filtering in both quadrants 2 and 4. Accordingly, the ellipse’s edges are seen almost in
their entirety. Since this is an amplitude spectrum, there is no distinction at this point between edges that are

transitions from one intensity region to another. However, gray scale levels indicate edge intensities.

In the phase spectrum, we note that quadrant 3 reflects the phase of v(2), which is real; however, since
negative numbers are displayed as 7 radians, we note a nonzero contribution in that quadrant which essentially
reflects the difference in intensity, as measured by v(1), of the two local diagonal edges. Recalling that the
amplitude spectrum in quadrants 2 and 4 reflects the presence and intensity of horizontal and vertical edges,
the phase spectrum in these two quadrants indicates the type of edge in terms of its transition from high (low)
to low (high) intensity. Hence, referring again to the phase of v(1), horizontal edges that transition from a
low to a high intensity region are all portrayed equally with the same phase intensity (almost white), while
those that transition the other way are all shown with a low intensity (almost black). Similarly, vertical edges
from a low to high intensity appear almost white, while those occurring in the other direction are almost black.
Quadrant 4 displays the complex conjugate phase of quadrant 2. We note further that the WPT complex
spectrum amplitude v(2) is the same as the approximation to the spatial gradient amplitude represented by the

Roberts edge detector [54]. Other work with WPC groups and edge detection may be found in [14].

6 GENERALIZED MULTIRESOLUTION ANALYSIS

As remarked earlier, in any situation in which invariant decompositions have some natural hierarchy, a mul-
tiresolution interpretation is possible, and hopefully, useful. The following provides three settings in which this

approach seems to make sense.
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6.1 Combinatorial Radon transforms and clumping

Let X be a set, and Y any set of subsets of X. Then the (non-normalized) Radon transform is a linear map R
from L(X) to L(Y) defined by
Rf(y) =) f(x). (6.1)

TEY

It is natural to think of R as a “clumping” operator. Under the natural inner product on L(X) and L(Y), the
adjoint of R is the map S defined by
Sh(z) = > h(y). (6.2)

yoSx

The image of S is the set of functions constant on the subsets of Y (cf., [11] for a very nice introduction to
this setting). If S is injective, then we think of the image of S as providing the “coarse scale” information for
L(X) and the orthogonal complement as providing the detail. Given a sequence consisting in X, subsets of X,
subsets of subsets of X, and so on, then under analogously appropriate conditions a multiresolution of L(X) is
obtained. Notice that if, in addition, we have some sort of group action on X compatible with the indicated

subsets (and subsets of subsets, etc.,), then this multiresolution decomposition is G-invariant as well.

The sets X, of course provide one such example, with the internal nodes indicating the sequence of (disjoint)
sets of subsets. For a different example consider the following scenario. Let G act on X. Then we get an action
of G on Xy, the set of all k-sets of X. Notice that here the subsets may have overlaps. This group action need

not be transitive, even if the action on X is.

For any 0 < j < k < n/2 we have a Radon transform multiresolution analysis via the Radon transform

maps

Rl : L(X;) — L(X})
defined by
(RLN@) = f(x)

zCy

and the adjoint of Ri is Sy given by

(SiF)(x) =Y F(y)

yDox

These maps are G-equivariant and represent a natural refinement of L(X). Of particular interest is the action
of the symmetric group S,, on 1-sets, 2-sets,..., k-sets of {1,...,n} (k < n/2). In this case there is a nesting of

the permutation representations,
L(X)=L(X1) = L(Xs) = --- — L(Xy)

such that
L(X;) = L(X;-1) @V
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and V; is irreducible. Lottery data can be (and has been) studied from this point of view (cf., [19]). In this
situation, f(z) will be the number of contestants choosing a particular k-set of numbers for their “pick.” The
multiresolution described above is the natural consideration of the pure effect of various individual numbers,
pairs of numbers, etc. on the overall patterns of choice. This sort of analysis can also be applied in the setting
of experimental designs. Here a standard analysis of variance approach will consider the projection of data
onto a “blocks-ignoring-treatments” space. The decomposition described above is one way of looking for a finer

stratification of this contribution to the overall sum-of-squares [3].

6.2 Induced representations

The wreath product filtration of the spatial domain L(X) in Theorem 4.4 is a special case of decompositions
that result from chains of subgroups of a group. We describe the general situation, noting that it, in turn, is a
special case of multiresolutions obtained from clumping (defined above).

Section 3.1 shows that each transitive action of a finite group G on a set X is equivalent to the action of
G by left translation on the set G/H of left cosets of H in G, where H is the stabilizer of a point in X (and
X may then be identified with G/H). Conversely, one may begin with any subgroup H of G and obtain a
transitive permutation representation of G on the set G/H in which H is the stabilizer of the coset 1H. The
linear representation of G on L(X) = L(G/H) obtained from this permutation action is the trivial (identity
representation of degree 1) representation of H induced to G, namely Ind$(Ig) (cf., Section 3.3 in [59]).
Decomposing L(X) into G-invariant components to obtain a multiresolution is thus equivalent to decomposing
this induced representation.

When H is contained in a larger subgroup K there is a natural clumping of the coset space X = G/H by
the set Y of left cosets of K: Here two cosets a1 H and asH belong to the same element of Y precisely when
they are contained in the same coset aK of K. Equivalently, the space L(G/K) of functions constant on the
left cosets of K is a G-invariant subspace of L(G/H). The Radon map from L(G/H) to L(G/K) sends any

function constant on the cosets of H to the function whose value on a coset oK is the sum of all its values on

the left cosets of H contained in aK. (In representation-theoretic terms, the Frobenius Reciprocity Theorem

guarantees that Ind$ (I ) is a constituent of Ind%(Ig).) Thus there is a G-invariant decomposition:
L(X)=L(G/H)=L(G/K)a W,

where the space W need not be irreducible (as was the case in Theorem 4.8).

More generally, any chain of subgroups H = K,;, < K,;,—1 < --- < Ky = G gives a G-invariant filtration of
L(G/H): Let V; = L(G/K;) for 0 <4 <m. Then

0CVCWViC--CVp1 €V =L(G/H)

where V; is the one-dimensional space of constant functions in L(G/H). Also, V; = V;11 & W; for some G-
invariant subspace W;. If each K; is a proper subgroup of K;_; then the corresponding subspace containments
are also proper (by counting dimensions). Thus any subgroup chain containing H gives a multiresolution of
L(G/H).
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For arbitrary finite groups this rationale reduces the problem of finding “group invariant multiresolutions”
to treating cases where the stabilizer subgroups are mazimal in their overgroups (in which case the permutation
action is called primitive), and then decomposing the complementary spaces W into irreducible constituents.

For wreath products of cyclic groups this accomplished in Theorem 4.8.

6.3 Finite approximants to profinite groups

Lastly, we note that by taking inverse limits of finite groups it is possible to extend some of our analysis to
the setting of profinite groups acting on profinite sets (see e.g. [6, 27]) or on infinite dimensional topological
vector spaces (see e.g. [53]). This approach may lead to appropriate “continuous” signal spaces admitting group
actions and multiresolutions.

A sequence of finite groups acting on rooted trees effectively gives the action of an automorphism group
of an infinite SHRT on the infinite paths, or ends of the tree. In this setting, there is a natural notion of
“bandlimited function,” defined as any function on the ends whose value at a given end only depends on a
finite subtree which the end extends. Our analysis can be viewed as deriving a bandlimited approximation to a
function on the ends of an infinite SHRT.

In general, an inverse limit of finite groups may be given the structure of a (profinite) totally discon-
nected, compact topological group; and admissible representations of such a group form an important class of
representations that generalizes the finite dimensional representation theory. Moreover, within this family of
representations there are analogues of the group algebra, induced representations, Radon maps (distributions),

and the like (see [60]) that lay a foundation on which a useful signal processing theory may be developed.

6.4 Wavelet packets and the best basis algorithm

The construction of Haar wavelets can be written as the successive averaging (lowpassing) and differencing
(highpassing) of neighboring data points in an input sequence of size 2". Each time we separate out the
highpass part, and then make a new (half-sized) data sequence of the lowpassed part. This procedure is then
repeated on the lowpass.

Recall (cf., Theorem 4.12) that the above procedure is precisely the decomposition of functions defined on

the rooted binary tree of depth n, decomposed into its projections onto irreducible subspaces,

LZ(X(TL)):L2(X222 ) =Vo®dVid--DV,.

IR EEEE]

The subspace V} is of dimension 271 (with Vj of dimension 1) and is the highpass information returned at step
n — j in the averaging and differencing.

In this scheme, wavelet packets are constructed by additionally, operating on the highpass output by re-
peating the application of the highpass and lowpass operation to this sequence as well (and recursing). This
yields projections onto an overcomplete set of functions, as at each stage there is a preferred choice of basis

functions (since one keeps splitting each of the Vj, and computes projections on all the subspaces).
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The Best Basis Algorithm [13] takes “the standard” bases for all of the subspaces and computes the projec-
tions onto each of the basis vectors. From this overcomplete set of data a representation of the original function
is then chosen to minimize some cost function on the projections. For example, it may be useful to “split” the

projections into some of the Vj.

The connection with our point of view is as follows: Let Gy be the symmetry group for a binary tree of

height k, so G, is the original group. Then we have a tower of groups

Gn>Gpr1 > >G> Gy = {1} (63)
Let G act on X, and hence on L(X), with irreducible decomposition
LX)=Vo®-- D V.

We may now consider this as a representation space for G\,—1 as well. Each V; is GG,,_i-invariant and so we

further decompose these under G,,_; and obtain
L(X) :V(),O@"‘@Vo,ng @"'@Vk,o@"'@vk,nk-

Of course we can iterate this through the chain of subgroups (6.3). If each decomposition comes with a
preferred basis, then we can perform an analogous best basis algorithm on this group-theoretically motivated
decomposition. Notice that in fact, this approach makes sense for any sort of representation, permutation or

not. It is conceivable to attempt to do this over a class of subgroup chains.

7 CONCLUSION

In this paper we have shown how group theory, especially the use of permutation actions and their associated
representations, gives rise to some of the tools and techniques of modern digital signal processing. Classical
DFT and FFT based approaches come from the use of commutative groups. By broadening our horizons to
noncommutative groups we expand upon the original work initiated by Holmes, Karpovsky and Trachtenberg,
who first brought these ideas to the subject of signal processing. In particular, we have paid special attention
to groups obtained as wreath products of cyclic groups and in so doing we are able to rederive and give a
group-theoretic context to Haar wavelets, as well as develop a more general class of multiresolution expansions
for discrete signals. The multiresolution is compatible with the group action and in this way generalizes the
classical spectral analysis approach for analyzing a discrete signal. With specific application to 2-dimensional
images in mind, we describe a quadtree scanning scheme for converting a discrete 2%V x 2% signal into a row
vector in such a way that the wreath product group acts on a nested grid of subimages, and we give a quadtree

scheme for displaying the group-based multiresolution spectrum of such images.

This paper initiates an analysis which is concluded in Part II of this sequence of papers, [50]. There we
show that the additional algebraic structure imposed by our group-theoretic approach provides a natural group-
based convolution, and hence a natural collection of (noncommutative) convolution filters. Explicit examples
demonstrating convolution on standard test images using the quadtree scanning method developed in this paper

are given, and applications to image recognition problems are explored.
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There are many possible avenues for future work: The wreath product groups are but one class of non-
commutative groups. Other noncommutative groups might yield a similarly rich set of tools for digital signal
processing tasks. A “continuous theory” for finite and infinite groups may exist, in a manner analogous to
Shannon’s sampling theorem, that would formalize a new theoretical bases for further application. Part IT ex-
plores some applications of the existing theory of WPC-based signal processing. As discussed in the conclusion
there, application of the WPC group-invariant noncommutative filters to other signal processing tasks such
as matched filtering, pattern recognition and noise removal are but some of the many standard applications

awaiting investigations.
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Figure 5: A schematic of the nested decomposition
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(a) Haar

Figure 14: Effect of the Haar and WPT on a 2 x 2 grid
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