Introduction

Discrete: Xpet = flXn,tn)  Maps
Continuous: % = flx, t) ordinary differential equations

Dynamical system {

Examples:

lDiscrete:!

a:annual interest rate

Lo xp = (L+or)xa + D { D: monthly deposit

t
models your account balance at the end of each month, linear

2. Xpq =x371C « (quadratic map, nonlinear
If x, Isa vector variable, we will have a multi-dimensional map.

For instance,

3 Xnit =yn T 1-ax? two-dimensional map,
' Y1 = bxy called Henon map, also nonlinear

[continuous:

. &= (r+1Dx*sint < one-dimensional linear system

If x isavector variable, we’ll have a multi-dimensional system

) xl =y two-dimensional system, nonlinear
' yl = —p(x? =)y —x note: x/ =dx/dr, y' = dyldt, etc.

= Mt pu(x? - tx =0 « Van Der Pol equation
x =o(y—-x)
3. Y= rx -y -xz < three-dimensional system, nonlinear

zl = xy — bz Lorenz equations

The theory for linear dynamical systems is almost complete and well known.

Question: Do you know how to solve



Xpel = (L4 & )xn+ D and
x! = (¢t +1Dx+sint ?

How about nonlinear dynamical systems?

Pe_spi(}e great advances people have made in the past thirty years, our knowledge is still
imited.

Do you believe that even the simplest nonlinear map of all:
Xpel = x;} + C
is already extremely complicated? We will discuss this map in detail later in this course.

Chaos and fractals: they are the hallmarks of nonlinear dynamical systems.

They signify the complexity, unpredictability and order in the corresponding nonlinear
systems.

Simply speaking, if the solutions of a nonlinear system are unpredictable, sensitive to
initial conditions, we say the system is chaotic.

Fractals are beautiful and complex geometric objects which are often self-similar.
Chaos usually occurs on a fractal. In some sense, fractals are the order inside chaos.

Objective of this course: is for you to learn some interesting, beautiful and useful
mathematics on dynamical systems.

To many people, all mathematics is dry and uninteresting. [will show you that it is not
so. Mathematics can be beautiful and artistic. The best mathematics is even
philosophical.

We will also try to cover some applications of dynamical systems to science and
engineering when appropriate.

Brief history of chaos and fractals

The story began three hundred year ago with Isaac Newton, when he discovered the law o
gravity and invented differential equations. Eqmﬁpea with calculus and laws of motion, he
solved the two-body problem, i.e. the motion of the earth around the sun. Afterwards,
people started to ask a natural question: how about three-body problem? for instance, the
sun-earth-moon-system? It was quicklg realized that the three-body problem was much
harder to solve. In fact, it was impossible to obtain the solutions in explicit formulas. The
situation seemed hopeless. Then two hundred years passed by until around 1900 when

Henri Poincare came along. Instead of attempting to give explicit solution formulas, he




focused on the qualitative behavior of the problem. Specifically, he asked the following
question: what happens to the solutions as time becomes large? He realized that the
long-time solution behavior was extremley complicated. In his words,

"Onewill be struck by the complexity of this figure which | do not even attempt to
draw. Nothing more properly gives us an idea of complication of the problem of
three bodies and, in general, of all the problems in dynamics where there is no
uniform integral.”

This was the first encounter with chaos.

Poincare’swork did not receive much attention until 1960’s, when Edward Lorenz (1963)
Fublished his celebrated paper on the chaotic motion in a simplified modeTl for weather
orecast. Lorenz found in his model that small errors in the initial conditions can lead to
huge differences in the later motion. This is now called sensitive dependence on initial
conditions and is a trademark of chaos. This behavior practically makes long-time weather
forecasting impossible. But Lorenz also showed that there was order in chaos. When he
lotted the solutions in three dimensions, he obtained a beautiful butterfly pattern. He
urther argued that this butterfly had to have infinite layers, a structure now called a fractal.
At about the same time, the fundamental work by Stephen Smale shed much light on the
understanding of chaotic motion in dynamical systems.

In the 1970’s, the study of chaos flourished. Among many important contributions, those by
Mitchell Feigenbaum were most influential. Feigenbaum discovered that the
period-doubling bifurcation to chaos manifested in the simple logistic map was actually
universal to many different dynamical systems. This was quickly verified in many
experiments including fluid convection and nonlinear electronic circuits. In the 1980’s, the

chaos theory was applied to practically every field of science such as physics, chemistry,
biology and so on.

In a separate development, the study of fractals also flourished from the 1970's onward. In
this regard, the guadratlc map played a central role. The study of this map started with
Gaston Julia and Pierre Fator around 1920. Their theoretical work revealed the
tremendous complexity of this simplest map of all. In the late 1970’s, Benoit Mandelbrot

discovered the celebrated Mandelbrot set and showed beautiful and intricate fractal pictures
in this map. His work stunned the mathematicians and the general public alike. Mandelbrot
also applied the ideas of fractals to nature such as coastal lines, and produced fascinating
fractal landscapes. On the theoretical side, the important work by Dennis Sullivan, Adrien
Doudy and John Hubbard provided a complete understanding of the quadratic map.

Organization of the materials: see the syllabus




Part I. Fractals and chaos in discrete dynamical systems
§ 1. Fixed points, periodic orbits, stability
Let's first consider a simple map: x,.; =x3 where x IS acomplex number.

If an initial condition x¢ IS given, then this map will produce an infinite sequence of
numbers.

X1 = Xj
X2 = X1 = x§
x3 =x3 = x§
For example,
xo =2 =42, 22,24, 28 ...}
X0 =-1 {—1, 1,1,1,....}

xo =05 — (0.5,0.52, 0.5%, ...}

The traditional way of studying a map is to try to obtain an explicit formula for x, with »
arbitrary. This is do-able for the map we are considering. Specificially

Xn =(x0)¥, n>0

This approach is clean and complete. But unfortunately, it would not work for most of the
maps, even very simple ones. For instance, consider a slightly different map

5
Xn+l = Xj —1.

For this map, it becomes impossible to obtain an explicit formula for the solution x,
(If you do not believe it, | urge you to give it a try.)

All right. If explicit solution formulas are impossible to obtain, what can we do? This is
exactly the dillemna Poincare faced on the three-body problem one century ago. Poincare
got an idea. Instead of trying to obtain explicit solution formulas, he studied the long-time
solution behavior. More specifically, for a given initial condition xg, one studies what
happens to x, as n —» «. Does x, approach a fixed value or not? etc. This new way of
thinking is now called qualitative analysis as compared to the quantitative analysis of the
traditional approach. In some sense, this qualitative analysis is a compromise, since it
provides us less information on the solution behaviros. Butthe information we get is usually
the most important.



Now let us reconsider the map x,.; = x3.
xo =2 (2,2%,24,28, ...} = x>

xo=1¢( 1,1,..} =x, fixed
xp = ¥ et et olrit, 023} = x, IS periodic with period 2.

xo = 0.5 (0.5,0.5%2,0.5% ...} »x,-0
xo = 0: (0,0,0,...} = x, =0 fixed
Notice that for this map, x =0, and 1 are two special points, they are fixed points.
In general, we have the following definition.
Definition: for the map xu:1 = f(xn),
a point x, IS called a fixed point if f{x.) = x..
For instance, for the map xn.1 = x2,
Solve: x> =x = x =0, 1 which are fixed points for this map.
If the initial point x 15 a fixed point, x, will stay fixed forever.
Example 2. Find the fixed points of the map xn.; =x2 - 1.
Solution: x2 -1 =x = x. = ﬁf-
One important question about a fixed point x, is its stability. i.e.

Suppose an initial point x, is chosen to be very close to x., is x» going to remain close to
X., Or go away from it?

Let's consider the map x,.1 = x5 again. AN
It has two fixed points 0 and 1. '

: : . X0 N
Firstwe consider x, = 0 and examine o . 7
the orbit behavior if xo isvery closeto O. AN /

\:
xo =0.1 = {0.1, 0.12, 0.14, ...}
so the orbit is attracted to 0.

In fact, for xo anywhere close to 0, the orbit will approach the fixed point 0.
We say x. = 0 is stable.



Next we consider x. = 1.

Choose xo = 1.1, = (1.1, 1.17, 1.14,....}
the orbit moves away from x, = 1.

How about xg = 1.001 ? the same.
We say x, = 1 is unstable.

Analog: pendulum. There are two stationary positions.
Only one is stable, the other one is unstable.

Definition: Suppose x. is a fixed point.

If for any xo which is close to x., x, remains closeto x, for all n,
then we say x, is stable.
Otherwise, we say x. isunstable.

Note: this isjust a heuristic definition. A precise € —§ definition can also be given, but is
omitted here.

According to this definition, x. = 0 is stable and x. = 1 unstable for the map x,.1 = x3.

For a general map x..1 = flx,), if x, is afixed point, how can we determine its stability
effectively?

The answer is fairly simple.

Linear stability analysis

Consider a general map x,.1 = fix,) with x. = fix,) being a fixed point.

Suppose x, iscloseto x., and define €, = x» —x., then

Enil = Xpy1 —Xx = flxXn) —xx = flx. t€,) —xx
=~ flx.) +f1(x+)€n —x, (Taylor series expansion to order ¢,)
= fI(x.)€n
Thus, €, = [fI(x.)]"€0
= v, —x = )] e — x|
(1) If |[f(x.)] < 1, then |x, —x.| is getting smaller as n increases.

:>.x;1'_).Xx aS 1 — 0,



In this case, x, isstable,and we say x. Iis attractive.
In the special case f1(x.) =0, we say x. Issuper-attractive.
(2) If |f(x.)! > 1, then Ix, —x.| Isgetting bigger as » increases.
= x, IS moving away from x..
In this case, x. is unstable, and we say x. is repelling.
) If |#(x.)l =1, we are not sure whether x, & moving toward or away from x..
Thus the information is insufficient to determine x,’s stability.

In this case, the higher order derivatives f/(x.), etc. are needed to determine x.’s
stability. We say x. i indifferent in this situation.

In summary: if x. Isa fixed point of the map x,. = flx,),

‘l f(x.) =0 <« x. superattractive bl
0 <|fix.)l <1 o x, attractive x. slable

Wix ) =1 x, Indifferent

1 fx)l>1 <« x. repelling, x. unstable

Examples:
1. xpe = x5, flx) = x2
It has two fixed points 0 and 1.
f1(0) =0, = 0 Issuper attracting = stable
(1) =2=1 isrepelling = unstalbe
2. xp=xi-l flx) =x2-1

It has two fixed points x. = -

PO Z 14 g5 = 22 s repelling

A2y 212 5 = > Balso repelling

Next we discuss periodic orbits and their stability.



Consider the map xn.1 = x3,
Xo = e2rint = {e?.f:i-:';, elm’-%—’ elmicy  pl2mist }

X1, X2 =Xg, X3 =Xp
periodic with period 2.

Definition: for a map xps1 = flxs), xo0 = x1 > x2 = ...

If x, =xo for some integer p,

then x, is called a periodic point.

Furthermore, if p is the smallest integer such that x, = xo,
then xo is said to have periodp.

Examples: xu:1 =x2 -1
xo=0=40,-10,-1,..}
= xo =0 and -1 are periodic points with period 2.

How do we find the periodic points of a map in general?
Itis not hard, but often messy.

Note that if x, = xo, then

Z Ofo ...f(xo) = Xp.

p operations

We define f*(x) = fofo.. fx), note: f*(x) # [f{x)]"

n compositions
then xo is a fixed point of the map
et = fP(¥n),
or it satisfies the algebraic equation
P (xo0) = xo.

Solving this equation will give us the p-periodic points.



Example: Determine all the 2-periodic points of the map
Xt = x5 — L.
Solution: flx) =x? -1,
) =fx) =fix* -1) =@ -1)2 -1
We need to solve the quartic equation

X -1 -1=x
for 2-periodic points.

Fortunately, the algebra is not too hard in this case.

xt=2x2-x=0

X(x+t1)(x2-x-1) =0

L B 1+/5 1-/5

=x=0, -1, ==, —7—
2-periodic points fixed points of the map xn1 =x3 - 1.

Stabilitv of periodic orbits

Consider the map xu«1 =x3 -1,
it has a periodic orbit {0, -1,0, -1,....}.
If we start with

xo = 0.1 = {0.1, -0.00,-0.0199, -0.9996,..., -0.0008, -1, 0, -1,....}
accurate to four decimals.

Thus, if we start with a point close to this periodic orbit, this point will be attracted to it.
We say this periodic orbit {0, -1, 0, -1,...} is stable and attractive.

Then we consider the map x,.1 = x3.
It has a 2-periodic orbit {e2i*¥  e2mied = emiy Q273 %

If we start with

v = o2mird +01= xy=-0.47%0.8660i
x; = =-1.59 - 0.69282'
xs = 1.0481 + 2.20322
x3 = —4.7554+4.61832’
xy = 0.2857 — 43.9239i
x5 = =1930.2 — 25.0951’

i



approaches infinity

So a small initial deviation from this periodic orbit leads to large separation.
We say this periodic orbit {e2=¥, e27i¥ e2ri*3 e2+% 3 s unstable and repelling.

To study the stability of a periodic orbit in a general map
Xn+l :ﬂxn),

notice that if {xo, x1, x2, ..xp-1, X0, x1,> 12 p-periodic orbit,then x, IS a fixed point of the
map fF(x).

Definition: a p-periodic orbit {xo, xi, x2,....xp-1, x0, x1,....} 0ofthe map x,.. = fix,) issaid to

be stabBIIe if xo isa stable fixed point of the map x,.1 = f(x,). Otherwise it is said to be
unstable.

It is a fairly simple matter to determine the stability of a periodic orbit.
If xo Isa fixed point ofthe map x,.; = f(x.), then
l(#)!(x0)l < 1 & xo IS attracting < the periodic orbit is attracting (stable)
(7)1 (xo)l > 1 < xo Brepelling < the periodic orbit is repelling (unstable)
I(7)(xo)l = 1 & xo isindifferent < the periodic orbit is indifferent
l(#)(x0)] =0 & xo issuper attracting « the periodic orbit is super attracting (stable)
Now the question is: (#)/(xo) = ?
Note that /7(x) = fo fo..flx) = fIf... 0],
thus (#)/(x) = [P ()] P2 (x)]... fx)]=f(x) according to the chain rule
= () (x0) = fllxp1) o filxp2)... f1x1) = f1(x0)

Example 1 _-Determine the stability of the periodic orbit {0, - 1,0, —1....} in the map

Xnp1 = X7 — 1
Solution: flx) =x* -1, fi(x) =2x. Here p =2, xo = 0,x; = -1
(f)I(xo) = fix1) » filxo) =2x1+2x0 =0

= this periodic orbit is super attracting (of course stable).

10



Example 2. Determine the stability of the periodic orbit {e¥ 3, e2ri*% g2} ez’”'%,...}
inthe map x,.; = x:2.

Solution: flx) =x2, f(x) =2x, p=2, xg = e¥¥, x| = 27T,
(f)(xo) = fi(x1) « fixo) = 2x1 » 2xp = 4e273 o @275 = 4

= this periodic orbit is repelling.

11



§2. The Cantor set and the tent map
Reference: textbook Sec. 11.2.

The Cantor set is the simplest incarnation of fractals and chaos. In this section, we
discuss this set and the dynamics associated with it.

1. The Cantor set.

Cantor set was invented in 1883 by the German mathematician Georg Cantor. Itis
constructed as follows:

3 -
0
0 3
—_— — — — S
0 ! 2z 2 i 2
T9 ] g
l ;
V S
Sx

Cantor set C

We start with the closed interval Sy = [0, 13, and remove its open middle third (1, 4).
This produces the pair of closed intervals shown as S;. Then we remove the open middle
thirds of those two intervals to produce S, and so on. The limiting set S, or the set of
points left over, is called the Cantor set and denoted as C.

Cantor set is a strange animal. It has the following properties:
1. C istotally disconnected. It does not contain any interval.

2. C is self-similar. It contains small copies of itself at all scales. Ifwe enlarge a small
portion of it, what we see is still C except scaled down by a certain factor.

3. C isuncountable. C clearly contains all the end points of the removed open
middle-third intervals, which are countable. But it contains much much more points
than that. We'll prove its uncountability later in this section.

12



Exactly what points are in C ? To answer this questions, we introduce the ternary
rlepresentatiton of a number. Ifa number x isin [0, B and has an expansion in power .of
I

- & 4 oay
X——T+32

8 teeenen,

where a, is 0, 1, or 2 for all n > 1, then the ternary representation of x is
x =0.g1a2a;30eee0s,

Example 1. Ifthe ternary representation of x is 0.1202, then

1

Solution: xpaseto = + + 5 + 3% + = 48

Example 2. If Xpase3 = 0.121212 0000 = 0. 12, Xpaser0 = ?

SolUtion: xputo = + +F +r +F teeee = (FHHFEEF I A EG+F)+

L2
_ T+3- _ 5/9 5
- = T 8% K3
1 T /

Example 3. If Xpaees = 0.022222 00000 = 0.0 2, Xpaselo = 2

. 23
SOlUtlon: xb05€102%+'32—2+_2_3‘+'....: 173 - 7

(%)

Note that in base 3, 0.0 2 = 0.1, (both equalto ¥ in decimal representation. Thus the

ternary representation of a number is not unique. (This is true to any base representation
including decimal.)

In the previous three examples, we showed how to reduce a ternary number to decimal.
The reverse question is: how do we find the ternary representation of a decimal number. It
is also simple: multiply the number by 3; in the product, the digit in front of the decimal
point is recorded as ay; then drop this digit. Repeat this process in the subsequent
repetitions. When this procedure is finished, the ternary representation of the number will
be O.cd1ara; oo oo o,

Example 4. Find th ternary representation for 4%.

138 13
RN T
i

aj

Solution: £ =3

i

3= =24

az

13



s x3 =% =04

1

as
Fx3=4=1

1

as done

= 3% =0.1201;
Example 2. Find the ternary representation for 4.

. < N 7
Solution: §x3 =4 =1l%

+x3=23 =23

!
|

start )
repeating X3 =ecees

= § =0121212+e0e =0. 12

Now, we are ready to describe what numbers are in C.

Fact| Internary notation, if we forbid a 1 followed by all 0s or all 2s (to make the

representation unique), then the Cantor set consists of ternary numbers that have
no Is in any place.

For instance, 0.2, 0.2022, 0.0 2 etc.arein C.
0.1202, 0. 12, 0.20122, etc. are not in C.

How about 0.12222 e« =012 (= ¥ inbasel0) ?
Remember this representation has a 1 followed by all 2s, thus is outlawed.
The legitimate ternary representation of 4 is 0.2, thus isin C.

The above fact is very easy to explain by recalling how the Cantor set is constructed. Inthe
first phase when the open middle third (4, ) is removed from [0, 11, all ternary numbers
whose first digit is | are taken out. Inthe second phase, all ternary numbers whose
second digitis 1 are taken out. Repeating this process infinite times, what is left in the
Cantor set are ternary numbers that have no 1s in any digit place.

Note: the end points of those removed open intervals are in the Cantor set C whose
ternanry representations are tailed by all 0s or all 2s. They make a small fraction of points
in C.

Now we can prove the uncountability of C. The proof is by contradiction. If C were

14



countable, we could list them as follows (in ternary numbers)

X1 = 0X1X X 13X 4 o0 oo

x2 = 0.X21X20X23X23 o e » @ where x;s are either 0 or 2.
X3 = 0.X32X32X33X34 ® o oo
Xy = 0X41X32X43X43 o 0 0 @

Then we construct a new number » as

Fo=0xTix5x3xj eceeee

h , 0, if x =2,
Where x* =19 5 ifx=o

Then r isdifferent from every x; in C.

But r hasno Isin any digit places = r € C. } contradiction.

Thus C is uncountable.

At above, we discussed the geometric and algebraic structures of the Cantor set. Now we
introduce dynamics to this set.

2. The tent map.
Consider the map (tent map) Hx)

N

2Xp,  Xn < F.
et 2 S = { 31 -x0), 3= 4, JUANS

N >
TR Y_
where x, is real. / \

For instance,

If X0 =

1
T
leQZ-{r

Given this map, how do we study it?

Recall that we are now mostly concerned with the long-time behavior of the solution

For xo = 4, x» » £ as n-ow = {&} isbounded,
For xo = o, xp » —, as n- w = {x,} is unbounded, or
x, escapes to infinity.

In general, we want to know,

15



for what values of xo does {x.} remain bounded for all n ?
or what is the set

S=4dxg | x, » w0 as n- o} ?

To answer this question, we first examine what values of xo make x, escape to infinity

Obviously, if xo < 0 = x, > —w;
if xo>1=2>x; <0=x, - —o0.

Next we examine the unit interval [0, 13.

(1 fxoe(d, 3)=>x >=x > —c0 o 2 b N
-0 ; 3 )

e 1 2 . L2 - —
@ el 9=nel D2me el gy = i
q !
fxoe(d $)oxe(d 3) = [ e

and so on.

Now if we take away all those x, intervals that make x, escape to infinity, what is left is
the set S = C, the Cantor set.

Thus C =4{xo | x» » £ as n - w}.
The next important question is:

if xo € C, will {x} be periodic or otherwise?

To answer this question, it is convenient to adopt the ternary number system, which we will
do in the rest of this section.

Inthe ternary system, if x € C and x = 0. ajaxazas e e,

_ O.azazaseese, if ay =0,
then flx) = { 0.a3a3ai eces, if a) =2,
where a;; =2 -a,.
For instance,
f10.0202) = 0.202,
T(0.2202)= 3(1 - 0.2202)= 3 x 0.00202 = 0.0202.

Now we are ready to determine the periodic orbits of this map.

16



Example 1. Showthat x = 0. 20 is a fixed point of this map.

Solution: 0. 20) = £(0.202020 s « ) = 0.202020 « » « = 0. 20.

0. 0220) = £(0.02200220 « o ») = 0.22002200 « « = 0. 2200.

Example 3. Show that {0. 220, 0. 020, 0.200, 0.220, 0.020, 0.200,s s}

and {0. 222000, 0.002220, 0.022200, 0.222000, 0. 002220, 0. 022200}
are two 3-periodic orbits of the tent map.

In general, we have the following result R

€L
Lo o TO = .

Prve. fu xec=¢ ©oage G i o }":“); L,fx b
Theorem 1. s Tho 7y ovih & -fk(x"i Gy pE Y g Leg flies,

: —_— o=y Qen T 6,
'ﬂm} Colhte fpp 1},»4};(“"“' &

(1) is-d fodicpot eten if apd oply if x is in the form of
0.@ a2 s v+a;0 (where-the numberof 2sin a4 is-eve 6r
0.araz—= e sa,2aja3 » v+a50 (Where the-number of-2s i _is_odd).

XEC TS & (i —pehichiC popt &> x= 0, Qb fine J N\

(2)  The Cantor set C_contains a countable infinity of Periodic orbits of the tent map,
including orbits of arbitrary period.
(3) The periodic points of the tent map are dense in C.
The proof of this theorem is easy and left as an exercise.

How about the stability of these infinitely many periodic orbits? Obviously unstable,
because in the nelghborhood of each periodic point in C, there are points x ¢ C whose
|

orbits escape to infinity. Actually, we can further show that all these periodic orbits are
repelling since

() COl = [ Gep-i ) o [ (xpa)l o e o olfi(x )] o 1 (x0)] = 37 > ]
By now, we have completely understood the periodic orbits in the tent map.

I xo € C and is not a periodic point, what happens to its orbit?

(1) Preperiodic points.

17



we say 0.0 2200 is a preperiodic point.

Other examples of preperiodic points are:

xo = 0.0020 = (0.0020, 0.020, 0.20, 0-20,....}
xo = 0.20 = (0220, 0.02, 0.20, 0.20, ¢+«

xo = 0.22200= (0.22200, 0.0022, 0.2200, O. 0220 0.0220,0.2200, ¢  « +}
etc.

(2) Aperiodic points.

If xo = 0.220222022220- - « », then the orbit is neither periodic nor preperiodic. It is
called an aperiodic point. In general, if the digits of a number are not repeating, then
it is an aperiodic point of the tent map. Most of the pointsin C are aperiodic.

Next we discuss some other important properties of the tent map.

1. Existence of a dense orbit in C.

In other words, there is an orbit {xo, f{xo), f~(x0), f*(x0), * » ¢/*(x0), * «¢} in C which
can be arbitrarily close to any point in C. This means that the orbit of x, will visit every
corner of the set C. It also means that, for any ap nset U |nC the images of U is dense
in C. 7}@ Pk num Lo e my {;ed T o bl Lk endy with ¢ v nethong
L o1y e ends vigh 2, W g 0 ofe) TE TRl pdifietin gyt remtees “th W“: ?'&‘,';‘M)
Proof. Justtake xo =0.0 % (DO?,,\ZO 22/* 000 0B CEOOZZ 200 202 220 222 ceee A hiii, fAc
djﬁ ,fq This
it L‘( wre / i
Wiy The ),n 'y ore
. . - - - . . \)t (2 \
Recall that the tent map is similar to an operation which "forgets” the first digit of Last g,
a number, it is easy to see that the orbit of x will be arbitrarily close to any point
in C.

all 1 bIocks all 2 blocks all 3 blocks

2.  Sensitive dependence on initial conditions.

Consider two nearby initial points x§{"’ and x{¥, one in C and the other one outside of
C. Then as the iteration proceeds, one orbit remains in C forever, while the other one
escapes to infinity. In other words, small differences in the initial conditions will lead to
vastly different orbits later on. This is the so-called sensitive dependence on initial
conditions. What about two nearby initial points both in C?

Example 1. Take
xf =0.00002, x{¥ =0.000002, |x§” —xf{’| = 0.00022 very small
¥ = 0.0002, x{¥ = 0.00002,
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x§) =0.2, x{ =0.02, [x$ —x{| = 0.22, quite large

So in this example, small initial distance between the two orbits is amplified rapidly by the
iteration. Again sensitive dependence on i.c.

Example 2. Take

you can show that these two nearby points will lead to two very different periodic orbits.

The above examples indicate that the tent map depends sensitively on initial conditions
at every point in C.

Chaos

We call the complex, sensitive and somewhat unpredictable behavior of the tent map on
the Cantor set C chaotic. Chaos is a much-abused name in science. There is no

uniformly accepted definition for it. Chaos in different fields of science, even just in the field
of dynamical systems can mean different things for different people. Here we adopt the
definition Robert Devaney proposed.

Definition:
LetF: M - M be a map,where M is a metric space.
The map F is said to be chaotic if
1. F has sensitive dependence on initial conditions everywhere in A,
2. There is a dense orbit in M;
3. Periodic points of F are dense in M.

The tent map on C satisfies all the three conditions. Thus it is chaotic.

Comment: these three conditions for chaos are not independent. Actually, Banks, et. al.
(1992) proved that, if the second and third conditions are satisifed, then the first one is
automatically satisfied. But to emphasize the sensitive dependence of a chaotic map, we
still put it in as a condition.

Summary of this section:

The tent map is one of the only few maps whose behaviors can be understood
completely and explicitly. Despite its simple, innocent looks, it is chaotic. It depends
sensitively on initial conditions.

The set {xo | /*(x0) » o}
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ks the Cantor set, which is the simplest fractal.
Additional Notes on The Cantor Set and the Tent Map
1. The preperiodic points of the tent map are of the form
S = 0.b1by e esbm ajaz « +a,0,
where the number of 2sin &x is even, and the number of 2sin a4 IS even,
Or, x =0.b1bseeshm m,
where the number of 2sin &, is odd and the number of 2sin ax Iseven,
Or, x = 0.b1by e ebm e a\as o sa,2aias « «a} 0,

where the number of 2sin & iseven,and the number of 2s in ax IS 0dd,

or, x =0.b1ba e sbme ajal « «a;0a1as » «a,2,
where the number of 2sin b, is odd, and the number of 2sin a, is 0dd.

These points are countable, because the periodic points are countable, and the
preimages of a periodic point are also countable.

2. Why does the Cantor set contain points which are not the end points of the removed
intervals?

Because the end points are terminating, such as 0.1, 0.2, 0.21, etc.
(The convention for unique representation is relaxed.)
But there are much more points in C which are not terminating.

3. The Cantor set and the unit interval [0, 1] have the same cardinal indices.
PI‘OOf ,\'(3) 20.01(120300000 e C 2 1 x(2> Zo.b[bzbj,""' S [0, 1]
(ox. = 0,2) _ i} (b =0, 1)
This correspondence is one to one.

So in some sense, the Cantor set is just as large as the unit interval [0, 13, even
though the length of C Is zero.





