Area-preserving maps (Hamiltonian Chaos)

Area-contracting maps (such as Henon map) may have strange attractors and chaos.

Interestingly, area-preserving maps may also have chaos, even though no strange
attractors. :

The continuous counterpart of area-preserving maps is hamiltonian systems. Chaos in
hamiltonian systems was first pointed out in the nineteenth century by Poincaré. But his
work was not appreciated until the 1960’s, when numerical computations revealed
fascinating chaotic behaviors in many simple dynamical systems.

A beautiful area-preserving map was constructed and studied in 1969, again by Henon.
The map is

Xnt1 = Xpcosa —~ (Yn — X3)sina
a is an arbitrary parameter
Y+l = Xpsina + (yn — x2) cosa

or  Puy = T(Py)
Properties:

1. ltis invertible.

Xn = Xp4] COSQ + Vpiy SINQA
Yn = —Xpn+1 SINA + Y1 €OSA + (Xp41 COSA + Y1 Sina)?

2. Symmetry:
Denote by P* the symmetrical of a point P with respect to the straight line
| D% .p*
y = tan(%§)x, ~
then .p
T-1(P*) = [T(P)]". 5

> X
]
Thus if we consider a set of points obtained by repeated applications of the
mapping: :
Po  P1r=T(Po), Pr=T(P1),eeeee, Py=T(P,1) ees,

then, there exists a symmetrical set, obtained by starting from P} and applying
n times the mapping 7. The reason is that

Py = [T7H(Pw)]* = T(P}).

66



3. Some points escape to infinity. For instance, when x becomes large, 7(x,y) - infinity.

4. Ifais replaced by 27 —a, T will be replaced by its symmetrical with respect to the y-axis.

Thus it is sufficient to consider the range of values 0<a<=. cos«
: . ° — ¢
Fixed points of 77 l \’ "
, N
(1) n=1: two fixed points ,
- »
(0,0), and (2tan%, 2tan?(%)) L7
In I, y
always stable always unstable P P —
(2) n=2: four fixed points
I, I and two complex points:
Lt (—cot(§) +i(l+sin2($NT,  —1—icot(£)(1 — sin"2(£) 1)

In: (-cot(§)—i(1+ sin2(£)¥,  —1+icot($)(1 —sin2(£)¥)
which we do not care since we only consider real values of x and y.

(3) n=3: eight fixed points

I, I, and

( —(1+cosa)+8 cos?a—(l+cosa)d )
sina ' sinla

( —cosa—@ cos?a-cosa—1+(1+cosa)d )
sing 1 sinla

( ~cosa—f . cos?a—cosa+(cosa-1)8 )
sineg 1 sinla

with 0 =+ Jeos?a—2cosa—1. We call them I3, I3, and Is; for 6,
and T34, Iss and I3 for 6_

These six fixed points exist only if

cosa<1- /7.
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Stability: Iy, I» andl;;  are always unstable.

stable for -+ <cosa<1- g7
134, 1 nd /. :
Mo fs @ d Iss { unstable for -1 < cosa < -+

(4) n=4: 16 fixed points

In I Iy I

In,  lp, I, I, Lis,  Lis, I, Isg, Lis,  Isno, Isn,

v

Iin2

exist for cosa < 0 exist for cosa < 0 never real, can be neglected

{ stable for —0.1034 < cosa < 0

always unstable unstable for -1 < cosa < -0.1034

I3 Iss
I3s Lsg
JEY: 147
"Aag
' (257 Pt 2 >
-1 -+ 1-yZ  -0.1034 - ¢ 1 cosa

Numerical results:

Question:  given an initail point Po, what happens to its successive interations
Py, Py =T(Py), Pr=T(P)), eeee
or {PQ, TP(), TQPO,QQOT"POooooo} ?

An example: cos a = 0.24.

invariant curves
islands

fills some regibn in the plane
scattered set: e
almost always escape to infinity in the end

Important fact: Every island has essentially the same structure as the whole region,
on a reduced scale.

1. Sensitive dependece oni.c
2. Fractal structure
3. No attractors
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