
3. Sierpinski gasket 

In this section, we discuss a two-dimensional counterpart of the Cantor set - the Sierpinski 
gasket. It is constructed as follows. 

-- 
I 

We start with a bilateral triangle whose side length is I .  At first stage, we cut out the open 
middle quarter which is another bilateral right triangle. Next round, we cut out the open 
middle quarters of the three remaining smaller right triangles, and so on. This process is 
repeated infinite times, and what is left in the original right triangle SO is called the Sierpinski 
gasket. This construction is similar to that of the Cantor set, except now it is in two 
dimensions. 

Clearly the Sierpinski gasket is self-similar. It includes infinite line segments, and much 
more. Its total area is zero. 

To determine exactly what points are in this gasket, we adopt the binary number system. 
To make the representation of a number unique, we forbid infinite consecutive I s  in the 
digits. Thus, O.O1 is illegal, while 0.1 is okay. 

In binary system, 

the Sierpinski gasket = { ( x , ~ )  : 0 I x,y 5 1, and x andy do not have 1 simultaneously in a 
binary place followed by not-all-zero digits} 

for example, (0.1001,0.0100),(0.1001,0.0101), etc are in the gasket 
(0.1001,0.1100),(0.1001,0.01011), etc are not in it. 

Why is it so? 
This is not apparent from the construction of the gasket, but is obvious if we associate the 
gasket with an appropriate map. This is one of the reasons we study the dynamics on this 
gasket. 

Consider the two-dimensional map with I 

I 
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Geometrically speaking, if (x,y) is in triangle I ,  t hen  draw a straight line from the vertex (0 , l )  
to this point (x,y),  and extend along it the same distance, the point you arrive at isf(x,y); 
similarly, if (x,y)  is in triangle II, you draw a straight line from the vertex (1,O) to (x,y) and 
extend along it the same distance and reach the pointf(s,y); if (x,y) is not in either of thse 
two triangles, t hen  you double the distance from ( s ,y )  to (0,O) and t h e n  getf(x,y). 

Now we s tudy this map in detail. W e  are concerned with the question: for a given initial 
point (xO,yo), what will happen to the orbit Cf’(xo,yo)} as n 4 co? 
(1) I f  (xo,y0) is outside the original triangle (O,O), (O,  l ) , ( l ,O),  f”(x0,yo) -+ 03. 

(2) If ( x o , ~ o )  is inside the middle triangle, 
thenf(x0,yo) lies outside of the original 
triangle * f ” ( x o , y ~ )  -+ a. 

(3) If (x0,yo) is inside one of t h e  three small triangles, t hen  
f(x0,yo) lies inside the middle triangle. - f2(xo,y0) lies outside the  original 
triangle = J”(x0,yo) 4 co, 
and so  on. 

Now it is clear that the set 

{(xo,yo) : f”(x0,yo) ++ a} = t h e  Sierpinski gasket 

We have not yet answered the question: why 

the Sierpinski gasket = {(xy) = 0 5 x,y _< 1 , and x and y do not have 1 simultaneously in a 
binary place followed by not-all-zero digits} ? 

To do so, let’s first simplify the map in binary numbers. 
Suppose (x,y) is in the original triangle (O ,O) ,  (0, l )  and ( l , O ) ,  and 

x = O.ala2a3 -,y = O.blbzb3 0, (in binary system) 

Proof: (1) When (x,y) is in triangle I ,  
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x = 0.00~0~ -,,v = 0.1b2b3 0 ,  

flX,y) = (2x,2y - 1) = (O.azU3a~ *, O.bzb3bj *), 
(2) When (x,y) is in triangle II, 

x = O.laza3 *,y = 0.0b2b3 0 ,  

(3) When (x,y) is in the rest of the original triangle, 
f(X,2) = ( 2 X  - 1,2J') = ( O . l I 2 0 3 l I J  *,O.b2b3b4 *) 

I = O.Ouza3 *,y  = O.Ob2b3 * )  
J(x,JJ) = ( ~ . u , ~ J J )  = (0 .a za ;a~  *,O.bzb3bj 0 ) .  # 

Now let us examine what points in the original triangle are not in the gasket. 
(1) I f x  = O.laza; *,J' = O.lbzb3 and a;,bj are not all zero, 

then (x ,y)  is outside the original triangle, thus not in the gasket. 

o r x  = O . l i ~ ~ a ~  0 ,  y = 0.01b3bj 0, where ai,bi are not all zero 
(2) If x = 0 . 0 1 ~ 3 a j  *, ,Y = 0.1 163bj *, 

f(x,y) = (0.1cr3n4 0, 0.1b3bs 0 )  which is outside of the original triangle. 
9 (x,y) is not in the gasket. 

Similar arguments show that if x and y are 1 simultaneously in a binary place followed by 
not-all-zero digits, then (x ,y)  would be in the gasket sincef"(x.y) -H co. 

Here we introduce a definition. Notice that for S = Sierpinski gasket, 

In other words, the images of S underfstill remain in S. We called S an invariant set of the 
mapf In general, 

AS) c s. 

Definition. 

Notice that if U is an invariant set off; and x E U,  then the orbit of x will remain in Uforever. 
Example: the Cantor set is an invariant set of the tent map. 

For a mapfand a set U, iff(U) c U,  then U is called an invariant set of the mapf. 

By now, we know that if (XJ) is in the Sierpinski gasket, then ( f"(x,y)}  would remain in it 
and be bounded. The next question is: would the orbit be periodic, preperiodic or 
aperiodic? This is not a hard question from what we know. 

(Fact( If ( X J )  is in the Sierpinski gasket and x = 0 . ~ ~ ~ 2  0 ,  y = 0.blb2 in binary 
representation , then 

(1) The point (x,y) is p- eriodic if and only if the digits in x and y are both repeating with 

(2) The point (x,y) is preperiodic if and only if the digits in x and y eventually are both 

(3) There are countably infinite periodic points of arbitrary period and countably infinite 

(4) There are uncountably infinite aperiodic points in the gasket. 
(5) The periodic points are dense in the gasket. 
(6) There exists a dense orbit in the gasket. 
(7) The map we constructed depends sensitively on initial conditions everywhere in the 

(8) The map is chaotic in the gasket. 

periodp, i.e. x = 0.  hlaz mu p , y  = O.b,bz *b P' 

repeating with the same period. 

preperiodic points in the Sierpinski gasket. 

gasket. 
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All of the above statements are easy to verify and will be omitted here. 

(9) The preimages of any point in the gasket are dense in the gasket. 
i.e. for any (x0,yo) in the gasket, {(x ,y )  : Jk(x,y) = (x0,yo) for some k}  is dense in the 
gasket. 

Proof: Suppose xo = O.rr1a203  0 ,  

,yo = O.blb?b; 0 ,  

then the preimages of (x0,yo) are 
x = 0.Ckck-1 OClala2a3 
y = 0.dkdk-1 odkbl b2b3 { 

where c i  and d,(i = 1,2 .or k) are not both equal to 1 .  
Clearly such (x ,y )  points are dense in the gasket, if one recalls the number structure of 
the gasket. 
For example, if we choose a point (x0,yo) = (0,O). Let us check that its preimages are 
dense in the gasket. 

(0.101010 -10,0.010101 001) can be arbitrarily close to (0.m;O.UI). 
(1) For (O.tU,O.UI) in the gasket, the preimages of (0,O) in the form 

2k 2k  

(2) For (0.1,O.l) in the gasket, the preimages of (0,O) in the form 
(0.1,0.01111 01) can be arbitrarily close to (O.l,O.l), and so on. - 

k 

When one traces the preimages of a point (xO,yo), the preimages he gets will bear less and 
less relationship to the starting point (x0,yo) every time he traces a step back. If he traces 
infinite steps back, the preimages will be totally independent of the point (x0,yo) and can be 
almost arbitrary. This is somewhat similar to the ancestor tracing in the human race. 

Note: The preimages of any point in the Cantor set under the tent map are also dense in C. 
The proof is similar to the one above. 

Comment: Property 9 automatically implies Property 7 (sensitive dependence on initial 
con d it io n s) . 
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