1o,

(R S

3  Universal Behavior of
Quadratic Maps

In this chapter, we study the logistic map

Nyt = ﬁ('\‘ll) =y, (1 - '\‘N) ’ (31)
shown in Fig. 22.
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0 1/2 1 X Fig. 22: The quadratic map £ (x) on the unit interval.

It has already been shown in Chapter | that (3.1) describes the angles x, of a
strongly damped kicked rotator. But the logistic map, which is, arguably, the simplest
nonlinear difference equation, appears in many contexts.

It has already been introduced in 1845'by P.F. Verhulst to simulate the growth of
a population in a closed area. The number of species x, ., in the year n + 1 is propor-
tional to the number in the previous year x, and to the remaining area, which is
diminished, proportionally, to x, i.e. x,., = rx, (I — x,) where the parameter r
depends on the fertility, the actual area of living etc.

Another example is a savings account with a self-limiting rate of interest (Peitgen
and Richter, 1984). Consider a deposit z, which grows with a rate of interest ¢ as
ooy = (I + &)z, = ...(1 + &""'z,. To prohibit unlimited wealth, some politi-
cian could suggest that the rate of interest should be reduced proportionally to Z, 1.6
€ = gl —z,/z ... Then the account develops according to z,,, =
[1 + & (1 —z,/2,,)] z, which becomes equal to eq. (3.1) for x, = z, €0/ Zmax (I + &)
and r = 1 + ¢g,.

One could expect for both examples that due to the feedback mechanism the quan-
tities of interest (population and bank account) develop towards mean values. But as

3 Universal Behavior of Quadratic Maps
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—aig'lg®] + 1) = 4. (3.51a)

The value g'[¢(0)] = g’ (1) follows for functions with a quadratic maximum (ie.
&"(0) * 0) by differentiating the fixed-point equation (3.22) twice:

R G R e 2

—g(l) = —a. (3.51b)

Thus (3.51a) becomes

o =ua’ - q. (3.51¢)

(For functions with a maximum of order 2zonefinds 6 = ¢'+% — a.)

Using our previously determined value ¢ = 2.73, we obtain § = 4.72 from (3.5D),
€., an accuracy of about 1% \with respect to Feigenbaum’s numerical result

Le.,
0 = 4.6692016 ... Thisis not so bad if one considers the crudeness of our approxima-
tion.

Itis of course much more laborious to show that J is indeed the only eigenvalue of
L, which is larger than unity. Extensive computer calculations by Feigenbaum and the

analytical results of Collet, Eckmann, and Lanford (1980) have proven this assump-
tion.

Summarizing, the two main results of this section are

a) the fixed-point equation for the doubling operator (3.22)

Te () = —ag[g<—'7\'>] = ¢ (3.52)

which establishes the universality of ¢,
b) the lincarized doubling transformation (3.43)

T fo(¥) = g(x) + (R — R.)-0"-a-h(x) for n » | (3.53)

which shows that & is universal and determines the way in which a function is
repelled from the fixed-point function g ().

Universality emerges here because the linearized doubling operator L, has only
one relevant eigenvalue 2, > 1| such that all functions J(x) — with the exception of
¢, (¥) — renormalize, after several applications of T, to the fixed-point function 2(x)
because the eigenvalues belongingto f — ¢ = ¥ ¢, ¢, are smaler than unity, i.e.,
irrelevant. v

3.2 Pitchfork Bifurcation and the Doubling Transformation
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found by Grossmann and Thomae (1977), by Feigenbaum (1978), and by Coullet and
Tresser (1978), and many others (see May, 1976, for earlier references) the iterates X,
Xy... of (3.1) display, as a function of the external parameter 7, a rather complicated
behavior that becomes chaotic at large r’s (see Fig. 23).

Once can, therefore, understand the conclusion that May (1976) draws at the end of
his article in “Nature”:“Perhaps we would all be better off, not only in research and
teaching, but also in everyday political and economical life, if more people would take
into consideration that simple dynamical systems do not necessarily lead to simple
dynamical behavior.”

However, chaotic behavior is not tied to the special form of the logistic map.
Feigenbaum has shown that the route to chaos that is found in the logistic map, the
“Feigenbaum route”, occurs (with certain restrictions which will be discussed below)
in all first-order difference equations x, | = f(x,) in which J(x,) has (after a proper
rescaling of x,) only a single maximum in the unit interval 0 < x, < 1. It was found
by Feigenbaum that the scaling behavior at the transition to chaos Is governed by
universal constants, the Feigenbaum constants a and 0, whose value depends only on
the order of the maximum (e.g. quadratic, i.ec. S M) = 0, f7 (%) < 0, etc).
Because the conditions for the appearance of the Feigenbaum route are rather weak (it
is practically sufficient that the Poincaré map of a system is approximately one-dimen-
sional and has a single maximum), this route has been observed experimentally in
many nonlinear systems.

The following sections of this chapter contain a rather detailed derivation of the
universal properties of this route. \We begin with a summary, which is intended to be
a guide through the more mathematical parts.

Section 3.1 gives an overview of the numerical results for the iterates of the logistic
map. It shows that the number of fived points of f (x) (towards which the iterates con-
verge) doubles at distinct, increasing values of the parameter r,. At r = r_, the
number of fixed points becomes infinite; and beyond this (finite) r-value, the behavior
of the iterates is chaotic for most /”s.

In Section 3.2, we investigate the pitchfork bifurcation, which provides the
mechanism for the successive doubling of fixed points. It is shown that the doubling
can be understood by examining the image of even iterates SIS, S LSO,
-..) of the original map f(x). This relates the generation of new fixed points to a law
of functional composition. We, therefore, introduce the doubling transformation T
that describes functional composition together with simultaneous rescaling along the
x-and y-axis (Tf(x) = —af[f(—x/a)]) and show that the Feigenbaum constant ¢
(which is related to the scaling of the distance between iterates) can be calculated from
the (functional) fixed point f* of T(Tf* = J#). This establishes the universal
character of «. The other Feigenbaum constant & (which measures the scaling
behavior of the r,-values) then appears as an eigenvalue of the linearized doubling
transformation.

After having provided a method of calculating universal properties of the iterates,
we consider several applications in Section 3.3. As a first step, we determine the relative
separations of the iterates and show that the iterates form (at the accumulation point
I..) a self-similar point set with a fractal dimensionality. We then Fourler-transform

3 Universal Behavior of Quadratic Maps



50

The last equation can be generalized if we introduce the slopes

d
W= ) = 1) (3.47)
d.\’oﬂ i

as a parameter and characterize r by the pair (1, ), as shown in Fig. 30.

n / /
) -
f(x)
7
/ Fig. 30: Parametrization of r by 1 and u (schematically), i.e.
pei p=0 pe-1 ry =R,y = @ and R, = R, = (1, 0).

Then we obtain from (3.44):

g(),u (O) - g(O)

lim (R,, — R.) - " = o (3.482)
1o ' o - /1 -
where
: I [ X
&, () = lim (—a)nfﬁ”v“ ‘W (3.43b)

Is again a universal function of u.

At the bifurcation points, r,, the slopes have always the same value u = 1 (see
Fig. 30). Therefore, the r,’s scale according to (3.48) with the same & as the R,’s of the
superstable cycles (with 4 = 0):

Iy — Iy oo™ for n> 1. (3.49a)

Note that the accumulation point is the same for all z’s:

ImR,, =R, = r, (3.49b)
n—x
because r, = R, , < r,_;and r,., —r, = 0forn — oo,

The numerical value for § can be obtained (by combining (3.35-43)) from the
universal eigenvalue equation
A
g (~M} ‘: o - nh(x).

L,i(x) = —a Eg/ {g <— : ﬂ 4] <—%> + N 7
' (3.

‘To make things simple we retain in the power law expansion for /1 (x) only the first term
11(0) such that (3.50) becomes an algebraic equation for J:

h

0)
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the distribution of iterates to obtain the experimentally measurable, and therefore im-
portant, power spectrum.

In any real dissipative nonlinear system, there are, due to the coupling to other
degrees of freedom, also fluctuating forces, which when they are incorporated ex-
plicitly into the difference equations, tend to wash out the fine structure of the
distribution of iterates. We determine the influence of this effect on the power spec-
trum and show that the rate at which higher subharmonics become suppressed scales
via a power law with the noise level.

Up to this point, we have only considered the behavior of the iterates near the tran-
sition to chaos. It will be shown next that in the chaotic region (r,, < r < 4) periodic
and chaotic r values are densely interwoven and one finds a sensitive dependence on
parameter values. We also discuss the concept of structural universality and calculate
the invariant density of the logistic map at » = 4.

Finally, in Section 3.5 we present a summary that explains the parallels between the
Feigenbaum route to chaos and ordinary equilibrium second-order phase transitions.
This chapter ends with a discussion of the measurable properties of the Feigenbaum
route and a review of some experiments in which this route has been observed.

3.1 Parameter Dependence of the Iterates

To provide an overview in this section, we present several results for the logistic map
obtained by computer iteration of eq. (3.1) for different values of the parameter r.
Fig. 23 shows the accumulation points of the iterates Sl (xo), for n > 300 as a func-
tion of r together with the Liapunov exponent A obtained via eq. (2.9).

We distinguish between a “bifurcation regime” for | < r < r.., where the
Liapunov exponent is always negative (it becomes only zero at the bifurcation points
r,) and a “chaotic region” for r < r < 4, where } is mostly positive, indicating
chaotic behavior. The “chaotic regime” is interrupted by 7windows with 2 < 0 where
the sequence {f7(x,)] is again periodic.

The numerical results can be summarized as follows:
1. Periodic regime
a) The values r,, where the number of fixed points changes from 27! to 2", scale

like

ry, =1r, —const.o " for ns> 1. (3.2)

b) The distances d, of the point in a 2”-cycle that are closest to x = 1/2 (see Fig. 24)
have constant ratios:

- = —¢g for ns . (3.3)

3.1 Parameter Dependence of the Iterates
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Note that L is only defined with respect to a function f.
Repeated application of T yields

T = T fp, + (R = R)Lyueyyy .. L, 8f + O[(5/)7. (3.36)

We observe that, according to eqns. (3.18-21), T" f,,_ converges to the fixed point,

T”.fl\’x (X) — (_a)nle;’

SN
————} =g for n> 1, (3.37)
(_a)ll 7
and (3.36) becomes approximately:
T'fe(x) = g(v) + (R —RIL;Of(x) for ns> 1. (3.38)

This equation can be further simplified if we expand 8/ (x) with respect to the eigen-
functions ¢, of L,,

Lioo = Ao 8/ = Yco ; v= 1,2 ... (3.39)

SIS = Ve g (3.40)
and assume that only one of the eigenvalues / . 1s larger than unity, ie.,

Av> 1y Al <t for v |, (3.41)
We then obtain only the contribution from A 1n (3.40),

Lidf = c 2o, for ns> 1, (3.42)

and (3.38) reduces to

T, ) =g() + (R =R -8"-a-h(x) for n> | (3.43)
where we introduced ¢, = a, ¢, = h, }, = 6.
The eigenvalue 2, = Jis identical with Feigenbaum’s constant because for R = R,

and x = 0, (3.43) yields
T/, (0) = g0) + (R, — R.)-6"-a-h (0] (3.44)

and from (3.30) we have the condition

Tk, 0) = (=a)"f31(0) = 0. (3.43)
This leads to the desired result (note g(0) = 1)
— 1

im (R, — R.)- 6" = — = const . 3.46
,ffi( " ) a- h(0) © 03.46)
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Linearized Doubling Transformation and ¢
What can we say about the scaling along the r-axis? The values r = R, for which a

2"-cycle becomes superstable, are determined by the condition that ¥ = 1/2is an ele-
ment of the supercycle (see eq. (3.12), i.e., x = 1/2/is a fixed point of f7" (x):

2 Bl

e !
Iz, <—> = (3.29)
which after translation by 1/2 becomes (see eqns. (3.13-14)):
S 0) = 0. (3.30)
This equation has a large number of solutions because it also yields the 21-supercveles

that occur in the windows of the chaotic regime. In order to single out the R,-values
in the bifurcation region with

FN< R <1y < Ry < iyl (3.31)

(3.30) is solved starting from # = 0, and the R, are ordered as in (3.31).
The R, tell us how R, is approached. In order to prove the scaling relation (3.3),

R, = R, xd™", (3.32)
we expand fp (x) around f;_ (¥):

Jr@) = fr () + (R ~ R +
where

N - 0/x (x) s .
of(v) = Y o (3.33)

Let us now apply the doubling operator T to this equation. A straightforward linear-
ization in & f vields

Tfe = Tfe, + (R — Re)Ly Of + O[(8)7] (3.34)

where L, is the linear operator

B I S R N

(@S]
th
e

48 3 Universal Behavior of Quadratic Maps



¢) The Feigenbaum constants § and « have the values

0 = 4.6692016091. .. (3.4a)

a = 2.5029078750. .. (3.4b)
Let us also note for later use that the R, of Fig. 24 scale similar to r,:

R, — r, = const.”"d ", (3.5)
furthermore

R. = r, = 3.5699456. ..

X 4

d,
1/'2 /QH;
| |
/ | Idz |
l
| i
| i
1 : '
, | | Fig. 24: Distances d, of the fixed points
0 , L ] =  closest to.x = 1/2 for superstable
f R, PR ryRy r 2"-cycles (schematically).

2. Chaotic regime

a) The chaotic intervals move together by inverse bifurcations until the iterates
become distributed over the whole interval [0, Jatr = 4.

b) The r-windows are characterized by periodic p-cycles (p = 3,5, 6 ...) with suc-
cessive bifurcations p, p - 21, p - 2% etc. The corresponding r-values scale like
(3.2) with the same J but different constants.

c) Also, period triplings p - 3" and quadruplings p - 47, etc. occur at 7 = 7,
const. ¢ =" with different Feigenbaum constants 8, which are again universal (e. g.
0 = 55247 ... for p - 37).

3.2 Pitchfork Bifurcation and the Doubling
Transformation

In this section, we show that the “Feigenbaum route” in Fig. 23 is generated by pitch-
fork bifurcations that relate the emergence of new branches to a universal law of func-
tional composition. By introducing the doubling transformation T (which describes

3.2 Pirchfork Bifurcation and the Doubling Transforimation
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By taking the limit i — oo in (3.19), the function

g) = limg(x) (3.21)

[—x

becomes a fixed point of the doubling operator T:

X
g) =Tgk) = ~ag|g <— 7)} : (3.22)

This equation determines a universally by
g0) = —aglg(0). (3.23)

It can easily be shown that 11g(x/1) is also a solution of the fixed-point equation (3.22)
with the same ¢. Thus, the theory has nothing to say about absolute scales, and we fix
Lt by setting

2g(0) = 1. (3.24)

Although a general theory for the solution of the functional equation (3.22) is still
lacking, we can obtain a unique solution if we specify the nature of the maximum of
g(v)atx = 0 (for example quadratic) and require that g(x) is a smooth function. If
we use for g(x) in the quadratic case the extremely short power law expansion

g(x) =1 + bx? (

o
[N
()
N

the fixed point equation (3.22) becomes

2b*
I+ bx? = —a(l + b) — < >x2 + O (v (3.26)
a
which yields
b=(=2-112)/4= ~1366; a« = |[2b} = 2.73 . (3.27)

These values only differ by 10% from Feigenbaum’s numerical results

g(v) = | — 1.52763x2 + 0.104815x% + 0.0267057x6 — ...

a

i

2.502807876 . .. (3.28)

This establishes the universality of ¢.

3.2 Pitchfork Bifurcation and the Doubling Transformation

47



42

this law), we show that the Feigenbaum constants a and & are indeed universal. They
appear as the (negative inverse) value of the eigenfunction of T at x = 1 and as the
only relevant eigenvalue of the linearized doubling operator, respectively.

Pitchfork Bifurcations

As a first step, we investigate the stability of the fixed points of /. (x) and f2 (x) =
S 1/, (¥)] as a function of r Fig. 25 shows that f, (x) has, for r < 1, only one stable

fixed point at zero, which becomes unstable for | < r < 3infavorofx* = | — (/r
f ‘r f '}
1 1
|
§
|
t
0% — 0 Sx 1 x  Tig. 25: The fixed points of /, for
X 1 X X X
al h) a)r < landb)! < r < 3.

Forr > 3 = r wehave| f1(x*)] = |2 — r| > I5ie, x* also becomes unstable
according to criterion (2.17). What happens then?

fll
]-_‘>
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Fig. 26: a) f(v) and /2 (x) = SU )] forr > r|. b) Generation of two new stable fixed points
inf~viaa pitchfork bifurcation. (The bifurcation diagram looks like a pitchfork, see p. 182.)

Fig. 26 shows f, (x) together with its second iterate £ (x) for r > r,. We note four
properties of f2 (the index r is dropped for convenience):
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From the previous section, we see that eq. (3.3) implies

m (-a)'d, ., = d, (3.15)

n—x
I.e. the sequence of scaled jterates Ji. . (0) converges:

ll'lﬂ(—-a)”f/é:l‘l 0) = d, . (3.16)

"N

Fig. 29 suggests that (3.16) can be generalized to the whole interval, and the rescaled
functions (—¢)” f/ez,:l- /(= a) converge to a limiting function g, (V)

n—w

i \
lim (—a)" " ‘ﬁ] = & () (3.17)

Eq. (3.17) shows that g, (x)is determined only by the behavior of f,—' around

X = 0 (see also Fig. 28) and should, therefore, be universal for all functions £ with a

quadratic maximum.

Doubling Transformation and ¢

As the next step, we introduce, by analogy to eq. (3.17), a whole family of functions

. X
&) = lim(—a)”f,\%:“/ [\J s i =0,1... (3.18)
n~— o (—a)”

We notice that all these functions are related by the doubling transformation T :

&gy (Y) = (—a)g,

< - iﬂ = Tg W) (3.19)
- a _

because

gi-] (_\‘) = “nl (_a)”f/e:’”

=]
R UAES 7("0’)”

m (—a) (—g)n=1 g+ "L #J
n—x o —u n—

I

= lim (—a) (=) 2"

0w
m—=

. | )
{ (_a)mf/:”’ _L A ]E

( . CZ)’” i -

= *0 [O —_ -\‘
g, o,-< 7” (3.20)

\N
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a) It has three extrema with f*" = f'[f)]f(x) = 0 at x, = 1/2, because
S(172) = O,and at x, , = f~! (1/2), because f//[f [/~ (1/2)]] = f(1/2) = 0.

b) A fixed point x* of f(x) is also a fixed point of f2 (x) (and all higher iterates).

¢) Ifa fixed point x* becomes unstable with respect to f(x), it becomes also unstable
with respect to /= (and all higher iterates) because | f/(v*)| > 1 implies LS ()]

= [SUOHS ] = 1S/ > 0

d) Forr > 3, the old fixed point x* in /2 becomes unstable, and two new stable fixed
poiuts .}, %, are created by a pitchfork bifurcation (see Fig. 26b).

The pair v}, &, of stable fixed points of £~ is called an attractor of f(x) of period
two because any sequence of iterates which starts in [0, 1] becomes attracted by ¥, 1,
in an oscillating fashion as shown in Fig. 27.

L L - Fig. 27: Tterates of X, if f(\) has an attractor
0 1 2 3 4. n of period two (schematically).

[t is easy to see that f(x) maps these new fixed points of f2 onto each other, i.¢.,
JE) = X and f(%) = X (3.6)

because /2 (¥,) = X, implies
SIGD] = 1)) = f(§) (3.7)

L.e. (1)) is also a fixed point of /7, and %, is the only possible choice. (f(¥) = 0or
X are at variance with ff(¥) = ¥,.)

If we now increase r beyond a value r,, the fixed points of £ also become unstable.
Because the derivative is the same at &, and T,

SHE) = SR = (@) () = (%) (3.8)

they even become unstable simultaneously.

Fig. 28 shows that after this instability the fourth iterate f* = f2 - f2displays two
more pitchfork bifurcations which lead to an attractor of period four; i.e., one
observes period doubling. These two examples can be generalized as follows:

3.2 Pitchfork Bifurcation and the Doubling Transformation
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which implies that it always contains xF = 1/2 as a cycle element because this is the
only point where f/ = 0. Referring to Fig. 24, we can see that the distances ¢, are just
the distances between the cycle elements x* = /2 and x; = fi' ' (1/2), i.e.,

! |
d, = fi" <7> - (3.13)

In the following it is convenient to perform a coordinate transformation that displaces
x = 1/2tox = 0such that (3.13) becomes

d, = £ 7 0) . (3.14)
r=g,
{ I
1
a) g,
\
|
! 1
]
0 | :r 1 X X
le } |
| -
b) | |
i
|
|
0 1 ; X
n2t o
(o) f M[(_(XJ
1
e)
/// \\\
4 A
0 X

Fig. 29: The rescaled iteratesf,\;”;_‘ (x) converge towards a universal function. a)-d) Superstable
aveles at R and R,. Note the horizontal tangents in b) and d). ¢) The content of the dashed
square of ¢) is rescaled (dashed line) and compared to the whole of a) (full line).

3.2 Pitchfork Bifurcation and the Doubling Transformation



44

a) For r,, < r < r, there exists a stable 2" '-cycle with elements xXg, xf
X3-1 _, that is charazterized by

s n—1 Lk _ sk an=1 e
SO = xS = A, S < |

(3.10)

] i I/ )

dxg

b) At r,, all points of the 2"~ '-cycle become unstable simultancoulsy via pitchfork
bifurcations in

N A (3.11)

that, for r, < r < r,_,, lead to a new stable 2"-cycle.

>

0 . Fig. 28: Two pitchfork bifurcations in f* lead to an atiractor
1 x  of period 4.

Our last conclusion represents a first step towards universality because it connects
the mechanism of subsequent bifurcations to a general law of functional composition.

et us add as a caveat that not all quadratic maps of the unit interval onto itself
display an infinite sequence of pitchfork bifurcations, but only those which have a
negative Schwarzian derivative (see Appendix C).

Supercycles

To progress further, we now consider the so-called supercycles. A 2"-supercycle is
simply a superstable 2"-cycle defined by

d R s ’ s
Wfr () = Hf/ () =0 (3.12)
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