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1) Expressﬁ—;L as a rational number in lowest terms.
6 8

1_3
_2_4_31_12-18_6
5 7 247 20-217
6 8

)3/2

2) Simplify the expressio(ri*2 +32+ 1217, Express your answer as a rational number ingoveems.

(22+3 2412?22 o 1 L0 (AP (PR (PR 0

47 9 36 36 9 27
1072 - 93¢ : :
3) ExpressW as a rational number in lowest terms.
1072 - 93¢ _ (1072+93§)(107:-93¢) _ 201C(134) _ 134 _ 2.67 _ 1
2012 201C° T 7201 2010 23567 15

4) Larry has a sum of money that he would like@oate to charity. He wants to give $25 to eadhiofavorite charities,
but he will be short $10. He decides to gimey $20 to each of his favorite charities, whicill ilgave him with $25.
Find the sum of money Larry wishes to donateharity.

Let x = amount and n = number of charities

25n=x+10
20n=x-25 subtract

5n=35= n=7
20(7) =x—-25— x =165
5) Ifx+y=4andxy=—12, find the valuex3f + 5xy + y°.
X+y)2=x2 +2xy + Y*=# =16
X2 +5xy+ Y =x2 +2xy + > + 3xy =16 + 3(-12) = 16 — 36=20
6) What is the smallest positive integer n sueh #50n is a perfect cube?
450n=5.32.2. n

Thus n = 53-22 = 15-4 =60
. . n2—38 . .
7) Find the largest integer n such tham is an integer.

nP-38 m+2n+1-2n+1)-38 (n+1)2-2n-1-1+1-38 (n+1)*-2(n+1)-37
n+1 = n+1 B n+1 B n+1

37
=n+1-2—
n+1

To be an integer (n+1) must divide3% n+1=37=— n=36



3+l . .
if nis odd
. For example, T(13) =20 and T(8) = 4.

8) Define the function T(n)
if niseven

[ 1 k=] I\)‘

What is the smallest value of k such th&t1T3 = (ToTo- ..o T)(113)=1?

k — iterations

T(113) =222 =170

_170 =85

T2(113) = T(170) ==
T3(113) = T(85) =22+ =128 = 7

7 more steps gives a value o&b k=10

9) FindthevalueoJ3+\/3+'\/3+\/3+...

X=4[3+4/3+\V3+V3+..

2= 3+4/3+4/3+V3+V3+... =3 +X

X2—X—3 =0 =— x= 11\/1;4(—3) — 11\/213

1+V13

Xx=0 = x= 5

10) Mr. Kost has 20 students in his morning chass 30 students in his afternoon class. He gaveaine test to both classes.
The average grade on the test for his mgradiass was 70%. The average grade for the twsedasombined was 79%.
What was the average grade for his afterrobass?

Morning ave = 70 Afternoon ave = v

20(70) +30v _
- 79

20(70) + 30v = 50(79}= 30v = 50(79) — 20(70) = 3950 — 1400 = 2550

_ 2550 _
V=3 =85

11) Find all real values of x such that fefft*7) = 30
X(2x+7)=30= 2x* + 7x-30=0

2x-5)(x+6)=0= x==%,-6

N o

12) Define the operatiop by ag b _B +ab. Find the value of a such thap B = a® 2.

2 3= a® 2

+6=—;+2a

w N



4+36=3a+12a> 15a = 40— a:g:—i

13) Find the positive integer base b such thég)? = 333, .
(b+6°=3b%2+3b+1 = b?+12b+36=30%2+3b+1
207 -9b-35=0= (2b+5)(b-7)=0= b=-3,7
b=7
14) Find the exact value of o5 °) sin(15 °) — co$15 °) sin(15 °).

co8(15 9 sin(15 °) — co$15 ° sin*(15 °) = sin15 °) cog15 °) (cog(15 °) — sirf(15 9)

cO3(15 9 sin(15 ) - cos15 9 siP(15 %) = ~sin309) cog309 =21 Y3 = V2
405 g,
15) Find all ordered pairs (x,y) that satisfy fystem of equation 3 y7
-+ =22
X oy
12 + 1—;5 =36
X Y dd
al
_—12—2—28 =—88
Xy

13 _ _1 _
—?——52=> y'=, = y=+£

N =

Subisfirstequatio&i +3f =12 = —i+20=13:> ;1(=3—5=—2=> x=——;
p
1 1 11
69 == =) (50 3)
16) If the figure, AC= 6, BC = 8, AB = 10, Disthe C

midpoint of ABand DE - AB. Find the length DE.

tan(x):—::D—SE = DE:%C = DE:%5

17) What is the coefficient of 3&? c® in the expansion of (a + b +%&?

8
(@a+b+y® = Z (ﬁ)ak (b +c)8k Want k = 3
k=0

5
(2)a3 (b+c)5= (2)a3 Z (s)bi c> Wantj=2

= =8-7-5-2 560

8\(95)_ 8 5 _ 8 _ 876543 _ 87654
3150 20.31  31.21.31 312131 6-2



18) An equilateral triangle is hollowed out by connecting thépdints
of each side and removing the central triangle. The prosess i
repeated on each of the three new smaller equilateral teang
The shaded triangles represent the total area removed sideafe
the first two hollowing out actions. This removal proces®jseated
twice more. If arandom pointis chosen from the originairtgke,
what is the probability that it will be removed during the fdwollowing
out actions? Express your answer as a rational number irstdamns.

Let A = area of the triangle.

Step 1 Remov%A
Step 2 Remov%A + 3(1—16)A
Step 3 RemoveA + 3(-)A +9(<:)A

Step 4 RemovéA + 3(1—16)A + 9(;14)A + 27(2—;6)A = (711 +T36 + 6—94 +22—57€)A

)A— 175

:664+48+36+27 175
256

256

175
5t 17t
— _256 = ~
P=" 25€

19) The perimeter of an equilateral triangle igéased by 6 cm to form a new equilateral triandgfiehe area of the new
equilateral triangle is three times the arkthe original equilateral triangle, find the Iengf a side of the new equilateral triangle.

Area of equilateral triangle of side s‘/—g &
g (s+2)? = 3-@ s

£ +2s+ 4=3¢

2 —4s-4=10

f-25-2=0 = s:Zi—VZ‘1+8 =1+V3

s=1+V3 = s+2=3+V3
20) Find all real roots of the equation (x)* 2 25x(x —4) + 44 = 0.
Lety=x+2
(x—2%—25x(x—4) + 44 =0 5" = 25(y + 2) (Y-2) + 44
y*—25(y>-4) + 44=10
y*—25y? + 144= 0
(-9 (19 =0
y=%3, %4

X=y+2= x=5,-1,6,-2



21) Letp, q, = 2 be integers such tha'tljt +—: +% < 1. What is the smallest value of p + q + r?

Take <p=<q=r

Ifp=2the@® 3, p=2andgq=3=r=7 = p+q+r=12
Ifp=2the® 3, p=2andg=4=r=5= p+q+r=11
Ifp=3theg 3, p=3andgq=3=r=5= p+q+r=12
Ifp=4 then p+q+&12

Thus minimum value of p + q + 1l

22) How many ways can the letterdN@ODLES be arranged so that the consonants are in alpbabeatder
(not necessarily consecutively)?

7
Place DLNS ir(4) ways. Place E in( i) ways.

7 3\ _ 7n _76541.3 _
(4)'(1)‘m'3‘ 542 - 7.5.3 2105

23) Leta, b, c and d be real numbers such that, (b) = 6, log, (c) =—; and log, (d) =3.
Find the value of Iotqv abc). Express your answer as a rational number ingoteems.

1
log,(()=6 = a®=b = a=bs

1 1
Iogo(c)z—; = bz=c = b=c? = a=cs

10

1
abc 3-c?.c=c3

log,(d)=3 = log, () =é

10 1 5
log, Vvabc = Iog(c‘s"z) = log, c? =§ log,(c) = —2 —; =§
24) How many different paths are there from point A to point B, B
travelling upward, to the right, or diagonally upward along
linesinthe figure? One such path isillustrated.

A

We can represent each path as a sequencevema = up, R = right or D = diagonal. For exagphe
illustrated path would be DRUDUR. We caa et the number of D’s could be 0, 1, 2, 3 oiMe will
specify the number of D’s, place the D’s tipdace the U’s. Note that each D decreases bethumber
of U’s and the number of R’s by 1.



3ps (g)-(i):zo
aps (j) =1

Number of paths = 70+140+90+20+321
OR

We can label each node with the number oswayeach that node:

1 9 41 129 321
[ 4

25) Find the area of the region in the plane atimgj of all points (x,y) such thdix |+ | X - 4| <y <8.
Forx<0 [x|+|x—-4|==-Xx+4-x=4-2X 4-2Xx=8=— x=-2
ForOsx<4 |x|+|x—-4|=x+4-x=4

Forx=4 |x|+|x—-4|=x+Xx—-4=2x—-4 2X—4=8= x=6

@®

-2 2 4 6



Area=- 4. (4+8)24

26) On three consecutive days, Tom left his ha@t$e30 in the morning to drive to work. On theffiday, he drove
at 40 mph and arrived 3 minutes late. @nsdcond day, he drove at 60 mph and arrived 8tesiraarly.
On the third day, he arrived exactly on titdew fast did Tom drive on the third day?

Lett = on-time time, d = distance and third day rate.
(t+=)40=d

(t-=)60=d

(t-=)60 = (t+—)40 = 60t—8=40t+2= 20t=10= t=7
(3+5)40=d= d=22

r==— =44

N
NININ

27) The figure displays a corner of a regular polygon that P 5 5 Q
contains two consecutive vertices, P and Q. The corner B B
was removed from the polygon by cutting along the line .
segment from Ato B, where A and B are points on the A
boundary of the polygon. Itis known that+ 8 =40 °, )
wherea andp are the respective angles at A and B. ’
How many sides does the polygon have ?

_ 36(-40

> = 160°

a+f=40°= ¢

If n = number of sides, 160%-2180

n

160n = 180n - 366= 20n =360= n=-; =18

28) Suppose that f(x) #x% ax3 +bx +cx+d where a, b, ¢ and d are real numbkr§1+2i) = f(3i) =0,
wherd? = — 1, what is the value ofa—b +c—d ?

f(x) = (X = (1+2i) )( X — (1-2i) )(x — 3{x + 3i)
fx)=X +a¥+b®+cx+d= f-l)=1-a+b-c+d

f(=1) = (=1 — (1+2i) )( =1 — (1-2i) )( ~13F)( =1 + 3i) = (=22 )(=2 + 2i) )( -1 +}§ -1 + 3i)
f(-1)=(4+4)(1+9)= 8(10) = 80

f(-1)=1-a+b-c+d=88> a-b+c—d=79

29) If kis a positive integer, let S(k) be thersaf the digits of k. For example, S(322) = 7 &{8) = 8. For
how many two-digit positive integers n i§S&)) =5 ?

10=sn=<99 = 1<f(n)<18 and f(f(n)) =5 f(n)=5o0r 14
If f(n) =5, then n =50, 14, 41, 23 or 325 times

If f(n) = 14, then n =59, 95, 68, 86 or 7B times



Total number of n =5+ 5H)

30) Forwhatreal xis f(x) =|x—1]|-|x+4|x-8|amaximum ?

X — 8] 8 — x 8 — x 8 — x X — 8
X — 4| 4 — x 4 — x X — 4 X — 4
X — 1] 1-x x -1 x -1 X -1
1-Xx— (4—x)—(8-Xx) [x-1- (4—x)—(8—xX) |x-1- (x—4)—(8—x) |x-1- (x—4)—(x-8)
1-x-4+X-8+X X -1-4+X-8+X X -1-x+4-8+X X-1-x+4-x+8
x-11 3x-13 X -5 -X+11
2L
6 8 10

710:
/12'_

Maximum when x = 8 Value &

31) Four lines parallel to the base of a triangle divide the otiversides
of the triangle into five equal segments and the trianglefine distinct
regions. If the area of the largest of these regions is 271 isliae
area of the triangle ?

_ 9,y _1 9 1, _ 25 _

27 = h(z b) =5bhx 5. = < bh=27x 2 =75

32) A 72 x 96 foot rectangular grass plotis cut diagonally by addt fvide
paved walkway. If one edge of the walkway is along the diagoha
the rectangular plot, what is the area of the paved walkway® T

walkway is the shaded region in the sketch.

12




96

D C
9
15
12\¢
G
72 60
57
95
F
16 12
A x 20 o 76 B
E
FromAABC tang) = ;—2 :;31 — sinE) :—g
FromAAEF sin@) =3 =42 = AE=12(3)=20 = EB=76
FromAEBG tang) :—i = E;—(; =BG = 76(—2) =57

Area of walkway = are@ABC — areaA EBG =—; (96) (72) ——; (76) (57)
Area of walkway = 3456 —21661290

33) If 0°<¢<90°and sift) :v_l? find tang).

cos@):coséz(g)):l—siﬁ(—g):1—é:él = sin@) = 1—2—? = /235 :—z

3
tang) == =~
E
34) Let P be a pointin the interior of arectangle ABCD. If AP, D . C
BP =10 and CP= 14, find the length DP. |
d'y 4
I = VA
VA : X
w1
AL B
zZ2+wW2 =52 (1)
X2 +w2 =102 (2)
x2 +y2 = 14% (3)
z2+y2=d?2 (4)



D+Q@=QQ+(@)= F+14=10+d? = d’=121= d=11

X+D2+(y+12=+t

tangent?
x-77 4 (y—tP = O

35) For what values of t are the circles defingdhe equations {

ft>0, 8§+(t+12=05+t)2 = 64+t2 + 2t + 1 =25+ 10t #2 — 8t=40 ==>t=5

Ift<0, 8+(t+12=(5-12 = 64+2 + 2t + 1 =25 10t 42 — 12t =— 40 :=>t=—1§0

t:—g or5

36) Each edge of the tetrahedron ABCD has length 4. B
Point P is on edge ABnd AP= 3. Point Q is the
midpoint of edge CD A bug travels from P to Q, =
always moving on the surface of the tetrahedron.
What is the shortest distance that the bug can travel?

Flatten faces ABC and BCD along the line Bf&ace the origin at A.

B




A 4) oo f ) s L4)-0

2

PE=(3V3-3V3) + G+ 1) =(3V3) + (3 =F + F=F=13

PQ =V 13
Flatten faces ABC and ACD along the line ARlace the origin at B.
A
2k
1F
[=]
B /6
1

1t
_2F

Pz(g,—;), C:4(§,——;), Q=c+4L2 —1):(3\/3,—1)
PE=(3V3-3V3) + G+ 1 =(£V3) + Q) =F + {=F =2

PQ=v21

Flatten faces ABD and ACD along the line ABlace the origin at A.

B

o{23) oo,y
PG=(EVE-3V3) + 1+ 1 =(2VEf + (B =2 + B=P=1g
PQ=V13

Thus the minimum distance‘@@.



37) How many ordered pairs (a , b) of real numiatisfy the equatiota+ bi)2°*¢ = a—bi, wherei?=-17
letz=a+bi |z]3d|= [z°"=|z|= |z|(|z[**-1)=0= |z|=0o0r1
M =7 = z.2%=7.z2=1= Z°" =1 which has 2011 solutions.
|z| = 0 has one solutiea> Total number of solutions w°%¢ =Zis 2011 + 1 2012

38) Intriangle ABC,. ABC = 45° and BC= 3.
Point D is on BCand BD= 1. If LDAB =15 °,
whatis the degree measure/oBAC ?

A

Draw a perpendicular from C meeting DAvaint Q. Connect B to Q.

FromABDA [BDA =120° = LCDQ = 60° = LDCQ = 30°

180°-120°

> =30°.

From right triangle DQA DQ = = ABDQ is isosceles= LDBQ =

Thus,LQBA = 15° = ABQA is isosceles—= BQ = QA

ABQC is also isosceles= BQ = QC. Thus QA = QGC= ACQA is isosceles—=
LQCA=LQAC == = 45°

Thus.BAC = 15° + 45° =650°

39) LetA = (0, —12andB= (4, 0 bepointsinthe
plane. If Cis a point on the parabolazy x?, find x
so that the area of triangle ABC is a minimum.




_ol
x=4 —; X(x®+12) ——; (x—4) X2 ——;(12)(x+x-4) =—; x3 + 6x ——; X3+ 2x2 — 12x + 24

=2°—-6x+24

30

_20¢L

x<4 AX+12) -3 (R +12)x-3(4-x (P 3412 = 4% +48 — X3~ 6x - 2¢ +2 X~ 24
= 2 - 6x + 24

20 —6x+24 =P -3x + 12)= 2(=3x + 2 —3 +12) =2((x-3)" + &)

.. 3
Minimum when x =.

40) If the sum of a list of an odd number of cangive positive integers is 2010, what is the sestlpossible integer
in any such list?

n+ (n+l) + (n+2) + (n+3) + - - - +(n+2k2&10

(2k+1) - n+1+2+3+. .. +2k=2010



(2k+1) - n+292D = 2010

(2k + 1)(n + k) = 2010

2010=2-3-5- 67

2k + 1 odd=

2k +1=3= k=1= 3(n+1) = 2010= n =669
2k +1=5= k=2 = 5(n+2) = 2010= n =400
2k +1=15= k=7 = 7(n+7) =2010= n =127
2k +1=67= k=33 = 33(n+67)=2010= n=-3

Since n decreases as k increases, the stadisitive first integer is1 = 127.

10

41) Find the value of Z . Express your answer as a rational number ingoteems.
k=1

k*+ k?2+1

K+ K2+ 1=K+ 2K + 1-K2=(k2 + 1 —k2 = (k% + 1K) (k2 + 1 + K)

1 1 _K+k-1-(K¥+k-1) _ 2k
K2+k-1 K+k+1 K k241 Tk K41
Let f(k) = = f(k-1) =

(k) = K2 +k+1 (k=1) = —k+1

PR PH SR OEHIORC)
-1 k=

:él i [1- 1 ]:% [a2+a+1—l]:i21[ a+a ]

a®+a+1 a+a+1 a?+a+1
k=1
10
Z k __1[ 100+ 10 ]_ 110 _ 55
LR T 2blioc+10+11 T 211 T am

K =



