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I. INTRODUCTION

Fix an abelian Galois extension of number fields K/F and let G denote the Galois
group. Also fix a finite set S of primes of F' which contains all of the infinite primes
of F and all of the primes which ramify in K. Since it is fixed throughout, we will
often suppress S in the notation. Associated with this data is an equivariant L-function,
Ok /r(s) = Gf(/F(s), a meromorphic function of s € C with values in the group ring C[G].
When the real part of s is greater than 1 it is defined as a product over the (finite) primes
p of F' that are not in S. Let Np denote the absolute norm of the ideal p and o, € G

denote the Frobenius automorphism of p. Then

9?(/1:(3): H (1—

prime p¢S

Each component of this function extends meromorphically to all of C, and its behavior at

s = 0 is connected with the arithmetic of K.

The ring of S-integers Og of F' is defined to be the set of elements of ' whose valuation
is non-negative at every prime not in . When K = F'| the function OIS,/F(S) is simply
the identity automorphism of F times (& (s), the Dedekind zeta-function of F with Euler
factors for the primes in S removed. The function (£ (s) may be viewed as the zeta-function

of the Dedekind domain Og.

Letting Sk denote the set of primes of K lying above those in S, we define O}S( to be
the ring of Si-integers of K. Then le( denotes the Sk-class group of K, which may be
identified with the group of nonzero fractional ideals of O% modulo principal fractional
ideals. Denote the order of le( by hf(. Let px denote the group of all roots of unity
in K, and wg denote its order. When the Brumer-Stark conjecture holds, it implies that
WOy i (0) annihilates Cl3- as a module over the group-ring Z[G]. However, this conjecture

is vacuous when Gf( / #(0) = 0. On the other hand, one knows that for K = F, the leading

2



term in the Taylor series at s = 0 for c;i is cf:’* = —hSR 2/wp, where R is the regulator
of the S-units of F. One sees that this quantity still provides an annihilator —h?%, for leﬂ,
upon removing the factors R}? and wr which relate to the group of S-units and its torsion
subgroup. In this paper, we obtain results on the annihilation of le( by what may be
considered the leading term of 6% / ~(5) at s = 0. Going further, we exhibit annihilators
coming from higher order terms as well. Such results are clearly related to the refined
Stark conjectures of Rubin and Popescu, but those do not directly concern annihilators
for Cl3-. Rather, the connection between leading terms of equivariant L-functions and
annihilators of class groups appears in more recent conjectures of Burns [2], and results of

Buckingham [1] which had their origins in ideas of Snaith [5] .

To state our results, let G denote the group of characters of G and recall that the

S-imprimitive Artin L-functions for a character ¢ € G is defined as

1 -1
K/F( s, ) = H (1 - Npslb(gp)) 3
prime p¢S
so that using the idempotents e, = Z Y(o , we have
|G| ceG
eK/F Z LK/F )
pe@

Defining L7, (¥) = LIS(;F (1) to be the first nonzero coefficient in the Taylor series for

Lf(/F(s,@D) at s = 0, one then puts

* S, * S, * -1
e =0k = D Lir (W ey
1/J€G
Next define a regulator as in Burns [2]. For each prime w € Sk, let | |, denote the

corresponding normalized absolute value on K. Let Ux = Uz = (O3)*, the multiplicative

group of Sk-units in K. Let Ylg be the free abelian group on primes in Sg. This has a



natural G-action which makes it a Z[G]-module. The submodule Xx = X3 is the kernel
of the augmentation homomorphism Yy = Y2 — Z which sends each element to the sum
of its coefficients. Then ]RUf} =R®yz Uf} is known to be isomorphic to RX? =R ®y XIS(

by the R-linear extension A\gr = )\f(’R of the map A\ = A% : Uy — RX3% defined by

Ak (u) = — Z log |ufw - w.

wESK

Any Z|G]-module homomorphism f : M — N, determines an R|[G]-module homomor-
phism
fR :RM — RN

by extension of scalars. In particular, suppose that we fix a Z|G|-module homomorphism
f:UZ — X%. Since RG] is a semisimple commutative ring and RU% is finitely generated
as a module over this ring, there exists a complementary R[G]-module P such that RU f} eP
is a finitely generated free module. Using the identity map 1p on P, one then obtains a
well-defined regulator of f in R[G]:

R(f) = det (Vi © fi) = det (A © fi) @ 1p).

Let 75 (1) = r(1) denote the dimension of the R-vector space e, RU%.

Our main result is the following theorem, proved in a slightly stronger form as Theorem

4.5 at the end of this paper. Remark 4.6 indicates how it may be strengthened further.

Main Theorem. Let K be a composite of a finite number of quadratic extensions of a
number field F'. Let S contain the infinite primes of F' and those which ramify in K /F. Sup-
pose that f : Uy — X3 is a Z[G)-module homomorphism with ker(f) finite. Let o € Z[G]
annihilate g, and let 1) be an irreducible character of G. Then |G|Ts(¢)+1aR(f)9}q(’;‘F ey

lies in Z|G] and annihilates C15..



Remark 1. Burns [2] obtains more general results of this form, considering components
of the units and of X IS( for each character separately. His Conjecture 2.5.1 and evidence
for it (which includes the multiquadratic extensions considered here) then involves an
additional factor of |G|? in the resulting annihilator. Macias Castillo [4] obtains stronger
results specifically for multiquadratic extensions such as those considered here, but not
for all characters. We have chosen to show what can be done working with U%-; Burns
and Macias Castillo (and others) formulate their results in terms of certain torsion-free
subgroups of U f} In a subsequent paper, we will detail the connections between their work

and ours more fully.

Remark 2. The principal Stark conjecture [6] states that |G|Ts(¢)+1aR(f)0}q(’;‘F ey lies in

Q[G], and is already known in the case of multiquadratic extensions.

II. COMPUTING 0y = 07

;From now on, we will omit the set of primes S from our notation. So Yx = Y},
Xk = XI%: Uk = UI%: hp = h%‘v T(@b) = TS(@b)a Rp = R%‘v LK/F = L}S(/Fv CF = Cg: and

OK/F = QIS(/F7 ete.

Proposition 2.1. For the principal character 1y of Gal(K/F'), we have

—hpRp
—€

e}k(/Fe#Jo = Wp

Yo

Proof. Since g is the inflation of the trivial character on Gal(F'/F’), the functorial prop-

erties of Artin L-functions give

e}k(/Fe#Jo = L;(/F(@Do)elﬁo = G:“el/m'

The result then follows from the analytic class number formula.



Now assume that G = Gal(K/F') has exponent 2, and let ¢ be a non-trivial character
of G. The image of v is a non-trivial cyclic group of exponent 2, hence of order 2. So
ker(7) has index 2 in G. Let Ey denote the fixed field of ker(t), a relative quadratic
extension of F. Let Hg,, ,r denote the cokernel of the natural map from Clr to Clg, that
is induced by extension of ideals. Let 7, denote the generator of Gal(Ey/F). We will
have occasion to fix a lift of 7, to an element of GG, which we also denote by 7. If M is a
Z|G]-module and « € Z[G], we let M denote the image of M under multiplication by «,

and M, denote the kernel of multiplication by a.

Proposition 2.2.

0 o — Cg,/F| Rg, we
KIEZ ™ (Ugy)14ry - Upy)— ™) Rp wg,

Proof. First, 1 is induced from the non-trivial character of Gal(Ey, F'), and this character
is the difference between the regular representation of Gal(Ey /F') and the trivial character.
The functorial properties of Artin L-functions and the analytic class number formula then
give

¢k, (0) he, Re, wp

* = L] = = .
eK/Few K/F(¢)61/J o (0) €y he Re wg, €y

A computation of Tate ([6, Thm. IV.5.4]) then shows that

hg, Cg,/F|

hr ((UEw)l-i-Tw : (UEw)l_Tw)’

and this completes the proof.

ITI. ComPUTING R(f)

Lemma 3.1. Suppose that ¢ is an endomorphism of a finitely generated projective R-

module M.



a. If R’ is an overring of R, let M’ = R' @ g M and ¢’ = 1/ ®pr ¢, an endomorphism of
M'. Then detr (¢') = detr(¢).

b. If R = Ry & Rs, then consequently M = My @& Ms where M, is a finitely gener-
ated projective Ri-module and Ms is a finitely generated projective Ro-module, and
¢ = ¢1 D ¢o for ¢1 an endomorphism of My and ¢o an endomorphism of Ms. Then
detr(¢) = (detgr,(¢1),detr,(¢2)) € R1 & Ry = R. Using 1 = e; + ey where e;
and eq are idempotents of R lying in R; and Rs respectively, this may be written as

detr(¢) = detr, (¢1)e1 + detr, (¢2)es.

Proof.

a. Choose P so that M @ P is a finitely generated free R-module with basis {b1,...,bx},
and let P' = R' @ P. Then M’ & P’ 2 R' @r (M @ P) is a finitely generated free
R’-module with basis {b] =1®0b,...,b, = 1®0b;}. Using these bases, it is clear that
the matrix of ¢@1p is the same as the matrix of ¢’ ®1p/, as the latter may be identified
with 1 ® (¢ @ 1p). Thus detr/(¢') = detr (¢’ ® 1p/) = detr(p ® 1p) = detr(9).

b. Note that M; = ey M and My = e M. After choosing P so that M & P is a finitely
generated free R-module, we see that e; (M @& P) = e; M ©e; P = My @ep P is a finitely
generated free Ri-module, making M; a finitely generated projective Ri-module, and
similarly M, is a finitely generated projective Re-module. Choosing a basis {b1,...,bx}
for M @ P over R clearly gives a basis {e1by,...,e1b;} for e M @ ey P over Ry, and the
case of eaM @ ex P is similar. Now if (r; ;) = (e175,;) + (e2ri ;) is the matrix of ¢ @ 1p,

then (e1r; ;) is the matrix of ¢1 @ 1p, over Ry, and similarly for ¢o & 1p,. Thus

dgt(qb) = det(r; ;) = (e1+e2)det(r; ;) = det(err; ;) +det(egr; ;) = c}%et(qbl)q -l—CIl%et(qbg).

Proposition 3.2.

a. The following are equivalent:



1. ker(f) is finite

2. ker(f) = px

3. coker(f) is finite

4. fr is an isomorphism
5. R(f) € R[G]*.

b. We have the following equalities, the last one requiring that one of the equivalent

conditions in (a) hold.

( Note that C[Gley, = Cey = C )

R(f) = det(fr o Ag") = det(fc o Ac™) =

R[G]
—1 _ -1 —1
, (C[deifzw(fC OAg le,oxs) = , C[dGejzw()\C o fo le,oxs)
YeG e
c. When G has exponent 2, we have
_ -1 _ -1 -1
R(f) = / R[deifzw(fR o Ag |ewRXIS{) = / R[dei/zw()\R ° fr |ewRXIS{)
YeG e

Proof.
a. These are clear because px is the torsion subgroup of U f}, while U f} /i and X IS( are
free abelian groups of the same rank.

b. This follows from Lemma 3.1.a and 3.1.b

c. This follows from part b. and Lemma 3.1.a

When G has exponent 2, it remains for us to compute detg(ge, (Ar © fi e, rxy) for
each ¢ € G. To do this, suppose that E is an intermediate field between F' and K, and

H = Gal(K/FE). Let Ny = Z o. For w € Sg, let w € Sk be a choice of a prime above
oc€EH
w in K. There is a natural injective Z|G]-module map Yr — Yx which sends each w € Sg
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to Ngw. We let vi /g : Xp — Xk denote the restriction of this map to Xg. Similarly, let
TK/E be the restriction to Xx of the Z|G]-module map which sends each prime w € Sk
to the corresponding prime w of F, and note that the image of 7/ lies in Xg. It is easy
to see that vk /g gives an isomorphism between X % and Ng(X%), and that for u € Ug,

we have Ax (u) = Yx/pr(AE(1)).

Lemma 3.3. Suppose that ker(f) is finite. Let g,y : R[G] — R[G/H]| be the natural
projection map. If x is a first degree character of G = G/H and v € G is its inflation,

recall that r(x) denotes the dimension of e,RXfg as a real vector space. Then

me/m(R(f)ey) = [H 7" R(rg /5 o flug ey

Proof. (See [6,1.6.4i]) By Proposition 3.2(c),

e/ (R(f) " ey) = ma/m (R[ClGﬁ]?t (AkR O fg leyrXK))-
ey
Since vx/p(XE) C Nu(Xk), and fﬂgl is an R[G]-homomorphism, we see that the image
of fﬂgl o ”Y}S(/E,R is contained in Ny (RUg) C RUg. Thus we may follow this map with

YK/ER CAER = Ak R|rU; and obtain
by —1 _ )\S -1
YK/ERC AER© fR °CYK/ER = K,R|RUE © fR °YK/E,R-

Restricting the isomorphism vx/pr : RXgp — Ny(RXf) gives an isomorphism between
exRXp = eyRXp and ey Ny (RX g ) = |H|ey RXg = ey RX . So, restricting the functions

in the last displayed equation to e, RX g and noting that 7q /g (ey) = ey, gives
det Agro(fp'o e RXp) = TG det (Axr o fr lesrxi))
R[E]ex( ( R '7K/E,R)| x E) /H(R[G]ew( R | b K))
Since ”)’K/E,R|eXRXE : e RXEg — eyRXg has the inverse WIIWK/E’MWRXK’ we get from
Proposition 3.2(c) again that
1
det A\pgro(fzlo eRXp) = det (Agro(—mm o flug)wtlenrxy) =
R[E]ex( ( R 7K/E,R)| X E) R[E]ex( (|H| K/E | E)R | X E)

|H"™R(rg 5 0 flue) ey



Combining the displayed equations gives the result.

Lemma 3.4. Suppose that E/F is relative quadratic and T is the non-trivial automor-
phism of E over F. Let x be the non-trivial character of G = Gal(E/F) = (1). If

f:Ug — Xg is a Z[G]-module homomorphism with finite kernel, then

Rpwp 2511700
Rg wp \pg N (Up)t—7|"

R(f)ex = (Xp)i+r : F(UE)'™7)

Proof. Let M = (Xg : f(Ug)), and let f, : Ug/pr — f(U) be the induced isomorphism.

Then the composite
1

= fo w

g: Xe 2 FUR) "™ Ug/up % Up
is an injective Z[G]-module map. For such a map, Tate ([6, [.6.3]) defines R(x,g), and it
is easy to see that the definition is equivalent to

R(X: g)ex = de%]()\E,R o gR|eXRXE)-
By Proposition 3.2(a), fg is an isomorphism, and it is then clear from our definition of g
that gr = Mwg fg g Since 7(x) equals the dimension of e, RXg as a real vector space, we
see from Proposition 3.2(b) that

—1 —
R(x,9)ey = (Mwg)"™ R%e]t Apzofr olerxy) = (Mwg) WR(f) e,

On the other hand, the proof of [6, Prop. I1.2.1] gives

wrp Rp (Ug"" 1 9(XE14,)?)
R(g,x) = wp Re EE .

As an abelian group, Ug' ™7 is the direct product of its torsion subgroup Ug'™"™ N g and
a free abelian group of rank r(x). Using this and the definition of g, we have

Up' ™7 : (Ug'TT)MeE) Us' ™" N ppl(2Mwg)"™

U " :9(XE)14+)%) = (9(X5)1er)? (UEl—T)QMwE) o (f_l(M(XE)l—i—T)QwE : (UEI—T)QMwE)
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Now f_l(M(XE)HT)QwE is torsion free and hence f is injective on this submodule, so we
have 7_1(M(XE)1+T)2“’E/(UEI_T)QM“’E ~ 9Mwg(XEg)14+r/2Mwg f(Ug*™7). Then since
X g is Z-torsion free,

(FH(M(Xg)1gr)20E : (UgtT)2Mee) =

CMwg(XE)14+ : f(2MwEUE1_T)) = ((XE)1+47 ?(UEI_T)).
Combining the displayed equations gives the result.

Proposition 3.5. Suppose that G = Gal(K/F') has exponent 2, v is a non-trivial char-

acter of G, and f : Ux — Xk is a Z|G]-module homomorphism with finite kernel. Then

11—
— 215[—1 wg, Rp (XEy 147, (WK/Ew of)(UEw )
Gl wr R, Ug,™ N i,

R(f)eqy €qp-

Proof. Let E = Ey and H = ker(v) = Gal(K/FE). Then ¢ is the inflation of the nontrivial

character y on G/H = Gal(E/F) = G. Since g,y restricts to an R-module isomorphism

from R[G]ey = Rey, to R[Gley, = Re, with mg/ 1 (ey) = ey, the result follows directly from
Lemmas 3.3 and 3.4.

Lemma 3.6. For the trivial extension F/F, with identity automorphism oo, and f :

Urp :(— X with finite kernel, we have

| (XpFWUR)

R(f) i

agg-.

Proof. Let M = (Xr : f(Ufr)), and let f,: Ur/pur — f(Ur) be the induced isomorphism.

Then the composite
1

- fo w
g: Xp 5 F(UR) ™ Up/pr ™5 Ur
is an injective Z-module map. Then as in the proof of Lemma 3.4,
= — 1S]-1 7 1S|—1 pFy—1
R(1,9) = det(Arr o gr) = (Mwp) =" det(Arg o fr ) = (Mwp)” R(f)™

11



On the other hand, the proof of [6, Prop. II.1.1] gives
Rp
R(1,9) = +—(Ur : g(XF)).
wr

As an abelian group, U is the direct product of its torsion subgroup ur and a free abelian

group of rank |S| — 1. Using this and the definition of g, we have
(Ur = Up)Mr) wrp(Mwp)l¥171

(Ur : g(XF)) = (9(Xp) : (Up)Mwr) o (?_I(MXF)“’F . (UF)M'LUF).

Now f_l(MXF)wF is Z-torsion free and hence f is injective on this submodule, so
we have 7_1(MXF)“’F/(UF)M“’F ~ Mwp(Xr)/Mwp f(Ur). Then since X is Z-torsion

free,
(F(MXp)“r o (Up)MYF) = (MwpXp : Mwpf(Ur)) = (Xp) : F(UF))

Combining the displayed equations gives the result.

Proposition 3.7. Suppose that G = Gal(K/F') has exponent 2, 1 is the trivial character

of G, and f : Ux — Xk is a Z|G]|-module homomorphism with finite kernel. Then

(Xr :7mr/p o f(Ur)) .
|G|ISI-1Rp vor

R(f)e¢0 =

Proof. Since 1) is the inflation of the trivial character xo on Gal(F'/F), and 7 /¢ restricts
to an R-module isomorphism from R[Gley, = Rey, to Rog with mg /¢ (ey,) = 0o, the result

follows from Lemmas 3.3 and 3.6.

IV. CLASS GROUP ANNIHILATORS

Proposition 4.1. Suppose that G = Gal(K/F') has exponent 2 and that f : Ux — Xk

is a Z|G]-module homomorphism with finite kernel. Then

B hi(Xr : 7x/r(f(UFR)))

R(f) >Ik(/F - ’U)F|G||S|_1 61/]04-
2|S|_1|Cwa/F| ((XEw)l-i-Tw TK/Ey (f((UEw)l-i-Tw))) ey
1/J7é’l/lo |G|Ts(’¢]) |(/“LE1,L: )1+T'¢: |

12



Proof. Combining Propositions 2.1 and 3.7 gives the coefficient of ey,. Using Propositions

2.2 and 3.5 for ¢ # 1 yields

2151-1 Cryrl (XE ) 14m,  TR/E, (f((UEw)l_w)))e
|G| ) |U13;‘;w Ny, (Upy)14ry = (Up,)' ™) '

R(f)0k, pey =
Then

(Xp)14ry  Trym, (F(Up,)'T™)) =

(Xe,)14m  7r/m, (F(Ury)147,))) (k8 (F(UBy)147,) : 7rym, (F(UB,) ™))
Now consider the kernel of 7/, o f restricted to Ug,,. Solet u € Ug,, and f(u Z N W.

wESK
Since o(u) = u for 0 € H = Gal(K/Ey), we have n, = ny(,) for each w. Fix a set of

representatives {w;}, one for each distinct orbit of Sk under the action of H, and write

w; ~ w if w; and w lie in the same orbit with cardinality d;. Then

=> > nww=>) anzw—anz > w

T w~w; T wWw~NwW; w~W;
and
WK/Ew E Nw; Z ﬂ-K/Ew E Nw; E WK/Ew w;) E N, di WK/Ew(wz)
w~w; W~W4

Since the elements 7 /g, (w;) are distinct, this is zero if and only if each n,,, is zero and
hence f(u) = 0. Our assumption on f implies that this holds if and only if u € ux. So
the kernel of 7/, o f restricted to Ug,, is clearly ug,. Thus g/ g, o f induces a homomor-
phism from (U, )11+, /(US, )7 onto mc/m, (F(Us, )1sny )/ Tac/, (F(Us, )177)) with
kernel (Ugw)l_w N (puEe, )14+, Consequently

( 1+T.¢, . UEw)l Tw)

|( )1 Ty N (MEw)1+Tw| - (’”K/Ew (f((UEw)lJrTw)) :WK/Ew(f((UEw)l_w)))'

Combining the displayed equations then gives the result.
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Lemma 4.2. Suppose that o € Anng(uxk) and that G is the direct product of its
subgroups H and J. Let M be the fixed field of H, and identify J with Gal(M/F) by

restriction. Then aNy = BNy, for some 3 € Anng s (par).

Proof. Write
o= Z Z Npopo € Anngq(pr ).

peJ oceH

Restricting to M, we define
p= Z(Z Npo)p € Anngp gy (par)-
pedJ oc€H

Note that

(@=B) =33 npople —1).

peJ oceH
Since (0 — 1)Ng = 0 for each 0 € H, we have (o« — )Ny = 0 and thus aNy = GNpg, as

desired.

Corollary 4.3. Suppose that o € Anngq(px ).
1. Then aNg = cwpN¢ for some ¢ € Z.

2. Suppose that E is a quadratic extension of F' in K, with H = Gal(K/FE), and H
J = (1) of order 2, so that G is the direct product of H and J. Then a Ny (1 —7) =

d|(pg)14++| Ng (1 — 7) for some integer d.

Proof.

1. Applying Lemma 4.2 with H = G and J trivial gives aNg = fN¢g with 5 € Anng(up) =

wpZ. So 3 = cwp, giving the desired result.

2. First applying Lemma 4.2 with M = FE gives

aNg = BNy

14



with 8 € Anng(j(ug). Now Z[J] = Z + Z7, so 3 = m + nT with m,n € Z. Since (3

annihilates (ug )14+ on which 7 acts as —1, we have

)m+nT

e

1= ((ne)i+r)” = (ue)1er = ((up)14r

Therefore m —n € Annz ((pe)1++) = |(1E)14-]Z, and m —n = d|(ug)14+-|. Finally,
pl—7)=(m+n7m)1—7)=(m—n)1-7)=d(pe)i+-[(1 - 7).
Combining this with the first displayed equation gives the result.

Proposition 4.4. If ¢ # 1y and the integer b is an exponent for Cg, /r, then b|Gley

annihilates Cl3. Indeed, if a is an ideal of 0%, then ablClew = §OF. for some § € (Ey)14r,-

Proof. Let H = Gal(K/E,) and let 7, be a fixed lift of a generator of Gal(Ey,/F) to G.
Then

b|Gley = bNu(1 — 7y).
Any element of le( is represented by an ideal ax of O}S(. Then
a? =apO%
for some ideal ag of O%w’ while
af; = varOF,

for some ideal ap of Og and 0 # v € Ey, since b annihilates Cl%w modulo the image of

Cl%. Finally,

1— 1— 1—7 1— S
(vap)' T =T Ta, " =4 T O

Since § = y'=™ € (Fy)14+,, combining the displayed equations gives the result.
Y Y )1+T1y
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Theorem 4.5. Let K be a composite of a finite number of quadratic extensions of a
number field F. Let S contain the infinite primes of F' and those which ramify in K/F.
Suppose that ker(f) is finite and o € Z|G| annihilates puic. Let ¢ be an irreducible character
of G. Then |G|Ts(’/’)+1aR(f)0f(’;Fe¢ lies in Z[G] and annihilates Cl3.. Indeed, if a is an
ideal of O, then a'GVS(WHQR(f)Gi/*F% = 6073 for some § € F when 1 = 1, and for

some 0 satisfying § € (Ey)14,, when ¥ # 1.

Proof. First consider ¢ = 1)p. Note that |G|ey, = Ng and 7°(3p) = |S| — 1. Using

Proposition 4.1 and Corollary 4.3.1 yields

S * - *
G| (’/’O)HaR(f)Of(’/Fezpo = |G|1¥! 1]-'%(f)ef(’/zrewo04|G|€1/Jo =

he(Xr :7g/p(f(UR))) aNg = hr (XF :1g/r (f(UF)))
Wg Wr

hF(XF . ’ﬂ'K/F(f(UF)))CNg,

cwpNg =

which clearly lies in Z[G]. Now any element of CI3- is represented by an ideal ax of 0%,

and

Ng _ S
ax® =arpOx

for some ideal ar of Og. Then

hy s
aF = 70F7

for some v € F'. Thus the result follows from the displayed equations, with § = ~ (XF e/ (F(Ur )))C.

Next consider ¢ # v¢9. Put H = Gal(K/Ey) and let 7 be a fixed lift of a generator
of Gal(Ey/F) to G. Then |Gley, = Ng (1 —7y). Using Proposition 4.1 and Corollary 4.3.2
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yields

s % S %
G O QR0 pey = Gl W R(1)0R pewal Gley =

K/
(X )14y 7x/E, (f(UE, )147,)))
(1B ) 147, |
(X )14y 7x 6, (F(UB, )147,)))
(1B ) 147, |
257N Cp, k| (XEy ) 14my - Trymy (F(UB, )14m,)))dIGley

2SIV ] epalGley =

215171 Cp, g epd| (e, )14, ||Gley =

Since this is an integer multiple of |Cr, ,r||Gley = |Cg, /p|Nu (1 — 1), the result follows

from Proposition 4.4.

G| (¥)+1 .
Remark 4.6. It is clear from the proof of Theorem 4.5 that in fact |;TozR(f)Gf(’/Felp

annihilates le( when 1 # 1pg. Furthermore, in this situation, if rf; denotes the 2-rank
of lep, one can show by an argument similar to that in [3, Proposition 2], that the
2-rank of Cg, /p is always at least r3 — 1. Thus |C’Ew/F|/(2T§_2 suffices as an expo-
nent for Cg,, /r, and this allows one to modify the proof of Theorem 4.5 to conclude that
G 5 ilates CI9 G W 5

WuR(f)GK’/F% annihilates Clj, when 1) # 1)y, and that WQRU)QK’/F%
does so when 1 = 1. Finally, [3, Cor. 2] shows that 2151477 is an integer multiple of |G|,

so that for 1) # 1y, we see that 23|G|Ts(’/’)aR(f)0}S(’;Fe¢ annihilates Cl3.

Remark 4.7. By analogy with the Brumer-Stark conjecture, one may also be interested in
further properties of the generator ¢ in Theorem 4.5. The conditions given there guarantee
that K(v/0)/F is an abelian Galois extension in all cases. If F has a real embedding, and
Y # o, the condition 6 € (Ey )14, suffices to imply that K(dl/wEw )/ F is an abelian Ga-
lois extension, by application of [6, Proposition IV.1.2]. Indeed, E¢(51/wEw )/ F is abelian
by the criterion there since 1 + 1, annihilates pug, in this case and §'*™ = 1 which is a

WEg,, -pOWer.
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