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Popescu’s Conjecture in Multi-Quadratic Extensions

Jonathan W. Sands

ABSTRACT. Popescu’s conjecture connects special units in an abelian exten-
sion of a global field with the higher derivatives at 0 of L-functions attached to
this extension. We prove the conjecture for certain multiquadratic extensions
of number fields, building on the proof for quadratic extensions.

I. THE ELEMENTS OF POPESCU’S CONJECTURE

This article, representing work which was in progress at the time of the confer-
ence, presents evidence for Popescu’s integral version of a Stark-type conjecture for
abelian L-functions with higher order zeroes at the origin, in the case of an exten-
sion of number fields composed of relative quadratic extensions. We do not directly
refer to other articles in this volume, but take the opportunity here to point to the
article by Popescu for an illuminating introduction to this and related conjectures.

S-Class Groups and S-Units.
All fields are assumed to be contained in the field C of complex numbers.
Let:

e I be a fixed algebraic number field (finite extension of the rational numbers
Q).

e L/F be an abelian extension of number fields in which a fixed distinguished
finite nonempty set V' = {v1,02,...,0,} of (finite or infinite) primes of F' splits
completely. Note that » > 1 is defined to be the cardinality of V.

e S = {v1,09,...0,,...,0.} be a fixed set of primes of F which contains V,
all of the infinite primes of F', and all of the primes which ramify in L. We
assume that the cardinality of S is |S| =’ > r + 1, and write 7’ = r +d + 1.
(The conjecture is actually made for |S| = r + 1 as well, but this tends to be a
technical special case, and we will avoid it for the sake of simplicity.)

e 51, be the set of primes of L lying above those in S.

o Clp = Clpg be the S-ideal class group of F', of order hp = hp g. This group
is defined to be the quotient of the ideal class group of F' by the subgroup
generated by the classes represented by the finite primes in S.
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e Cl;, = Cly, g be the Sy -ideal class group of L, of order hy, = hy, g
e 77 =75 (S) be the 2-rank of Clp,g, so 27 = |Clp,s/ClF g
e | |, be the normalized absolute value at a fixed prime tv; of L above v;, for
eachi=1,2,...,7".
e wy, be the order of the group pr of roots of unity in L
e Uy, = UL g be the group of S-units (or more precisely, Sp-units) of L, defined
as all elements of L having absolute value equal to 1 at each absolute value of
L except for those associated with primes in Sy, ie., those which are conjugates
of | |y, for some i in {1,...,7'}.
If w is a prime of L and « € L, then the normalized absolute value ||y is defined
as follows. When 1 is a finite prime with residue field of cardinality Nto and « has
valuation ordy, (a), then |afn = Nt~ (@) When 1o is an infinite prime, |aly is
the usual absolute value of the image of a in R determined by w if 1w is real, and
it is the square of the usual absolute value of the image of « in C if tv is complex.

L-functions.

See [11] for further background and references. Let:

G be the abelian Galois group of the extension L/F,

G be the character group of G.

p run through the finite primes of F' not in S

a run through integral ideals of F', prime to the elements of S

Na denote the absolute norm of the ideal a

0q € G be the well-defined automorphism attached to a via the Artin map
For each x € G, we have the Artin L-function with Euler factors at the primes in

S removed:
e L(s,x)=Ls(s,x) = | Xl\(IiZ) = | H (1 — Xl\(IUpZ))l It is known that
a integral prime p¢S
(a,9)=1
Ls(s, x) has an analytic continuation and a functional equation relating it to
Ls(1 —s,x™1). The order of its zero at s = 0 is
|S| —1 or
o r(x)=rs(x) =14 |{q € S : q splits completely in field fixed

by the kernel of x}|
depending on whether or not x is the trivial character xo.

We see that r(x) > r for each x € G. Let:
o L(0,x) = L§(0,x) = lim Ls (s, X)/5"

Regulators.
For more details, see [4], [5], [6] and [8].
Let:
o W = (w1, 9,...,1m,) be the r-tuple of primes of L chosen to lie above those
inV.
o (u1,us,...,u,) be an r-tuple of elements of Uy, .
o Rpw(ut,...,up) =Rp(ug,...,up) = det(— Z log |uz|m].~y*1),

yeG
the generalized regulator with values in the group ring R[G]
Then R w factors through the rth exterior power A"Uy of Uy, as a Z[G]-module.
We also use R, = Rp,w to denote the induced map A"Ur, — R[G], and note that
it is a Z[G]-module homomorphism. Extending C-linearly gives a C[G]-module



POPESCU’S CONJECTURE IN MULTI-QUADRATIC EXTENSIONS 3

homomorphism C ®z A"Urp, = C A" U, — C[G], still denoted by R w or just
Rr. For x € G, we also extend C-linearly to obtain a C-algebra homomorphism
x : C|[G] — C.

Now let:

e = |—é| Z x(7)y~! be the primitive idempotent of C[G] associated with a
~eEG

character y € G.

e ! be the complex conjugate character of x.
e ¢ =¢r/F = €/F,5 be the unique element of C A" Ur 4 such that

1) eyer = 0 for each x € G with rg(x) > r, and

2) x " Y(Rr(er)) = LM(0, x) for each x € G.

The existence of €7,/ p g is guaranteed by Remark 2 in section 2 of [5]. We will
refer to property 1) as the “eigenspace property” and property 2) as the “evalua-
tion property” of e1,p 5. Note that property 1) implies that e,—1x ' (Rr(er)) =
ex-1Rr(er) = Rp(ey-1er) = 0,50 x H(Rp(er)) = 0 = L(0, x), which is prop-
erty 2) for these x.

The Conjectures.

We note that F', V', W and S will remain fixed throughout so that we can safely
omit references to them in the notation. Thus Ur s = Ur, Ls(s,x) = L(s, x),
Rrw =Ry, etc.

We have defined €;,/r g € CA" U s above. Stark’s conjectures are concerned
with the rationality and integrality properties of such elements. The rationality con-
jecture of [9] and [11, Conjecture 1.5.1] applies to Artin L-functions in general.
In our setting devoted to abelian L-functions, basic results of Rubin [6, Proposi-
tions 2.3 and 2.4] and Popescu [5, Theorem 5.5.1] show that the assertion that
this conjecture is true for all y € G with 7s(x) = r is equivalent to the following
conjecture.

CONJECTURE St(L/F,S,r). er/ps € QA" UL,s

Stark [10] formulated an integrality conjecture for abelian L-functions when
r = 1. To state Popescu’s generalization of it we let
o Uty ={ueUpyg: L(u'/"")/F is abelian}

. UEE)S denote its image in QUp, s = Q ®z Uy, g, written additively.
Also let

m

. /\6 UL)SZ{’UJ:ZCt (ugt)/\~~~/\u§t)) EQ/\TUL)S :

=1
m
D e

1 —_—
—1)* det ¢ u(-t) ) ~u(t) e —U2d
S S0 gor ")) il € T

Vo1, ..., or—1 € Homgq(Ur,s, Z[G]) }

Now we can state Popescu’s conjecture.
P ]

5 S

CONJECTURE C(L/F,S,r). er/rs € N\oUL,s
Trab

We will need to refer to a weaker version of this conjecture, in which U}°; is

replaced by ﬁ;;, the image of Ur g in QUr s. Define
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° /\’{UL,s:{u:th (ugt)/\---/\ug)) €eQA"Urs :
t=1
Nk ) 0 e L
;Ctk,l( 1) (i¢21§gék<pl(uj )) Uy, ewLUL’S

Vo1, ..., or—1 € Homgq(Ur,s, Z[G]) }

Since UEE)S C Uyr.s, conjecture C'(L/F,S,r) implies the following “integrality
conjecture without an abelian condition”.

CONJECTURE C'(L/F,S,r). e ps € N\{UL,s

II. STATEMENTS OF RESULTS

THEOREM 2.1. Conjecture C'(L/F,S,r) holds when |S| > r 4+ 1 and G =
Gal(L/F) has exponent 2.

THEOREM 2.2. Conjecture C(L/F,S,r) holds when |S| > r + 1 and G has
exponent 2 and order 2™, provided that |S| +rp(S) > r+ m+ 1 and, when |S| +
re(S) <r+m+2, we have /—1 ¢ L.

THEOREM 2.3. Conjecture C(L/F,S,r) holds when |S| > r + 1 and G has
exponent 2, provided that L/F is tame, i.e., unramified at finite primes of residue
characteristic 2 (also known as dyadic primes), some infinite prime ramifies in
L/F, and, when only one or two infinite primes ramify in L/F, /=1 ¢ L.

THEOREM 2.4. Suppose that |S| > r + 1, G has exponent 2, and 8" = SUP
where P is a nonempty finite set of primes of F disjoint from S. If |P| =1, assume
that /=1 ¢ L. Then Conjecture C(L/F,S',r) holds.

REMARK. Under our assumption that Gal(L/F) has exponent 2, one can see
fairly readily that “Conjecture C(L/F,S,r) holds after tensoring with Z[3]”, i.e. that
2t5L/F75 € NyUr,s, for some positive integer t. This will be apparent in the very
beginning of the proof of Theorem 2.1, for example. Hence the focus is on carefully
analyzing the factors of 2 which arise.

Sections I, IV, and V will provide the ingredients which will allow us to prove
these as well as a more general but more technical result (Proposition 6.2) in Section
VL

III. RELATIVE QUADRATIC EXTENSIONS

In this section, K/F will be a relative quadratic extension with K C L, and S
a set of primes of F' as above. Indeed, we can assume L = K for the purposes of
this section, but we will want the freedom to consider larger L later.

We know that Popescu’s conjecture holds for relative quadratic extensions,
because Popescu [5,Theorem 5.5.1] has shown that it follows from Rubin’s con-
jecture of [6], while Rubin [6, Section 3] has proved his conjecture for relative
quadratic extensions. However, we will need an explicit description of ex,r, so we
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derive this briefly. Our development follows that in [6], and indeed mostly results
from choosing 7" to be the empty set there.
Let:
o G = Gal(K/F) = (r) of order 2.
® Yy 6? be the trivial character.

e 1) € G be the non-trivial character.
o Ux = Uk, sy, the Sk-units of K.
e Ry and R be the Sk-regulator of Uk and the S-regulator of Ur, respectively.
Assume for the moment that S has exactly r primes which split completely in
K, namely those in V. Then U has rank ' — 1 and Uy has rank ' +r — 1. Also
rs(v) = r, while rg(¢o) =7 — 1 > r. Now let
® uy,...u, in Ug generate Uk /Uppk modulo its torsion subgroup Tor = Torg.
e Q= Qx = |Torg|
® N =1NK/F= u%fﬁr AREE /\u}dfﬁr in N"Ug
Then the arguments of [6, Theorem 3.5] or [7, Theorem 6.7] show that
(after replacing u; by u; " if necessary)

R—K*gdet(—{lo ||, — log |u]]| })*gdet(—{lo [t })
RF_Q g Uil g U |, _Q g |U; o
_ 2 det(—{log|u} |, —1 1=y _ 2 R
=20 glu; T, —log|(u; " 7) e, }) = erw (R (m)),

the factor of 2¢ arising from the fact that |u|2 = |u|, when v € F and w is the
unique prime of K lying over a prime v of F'. Thus, from the generalized analytic
class number formula (see [6] and [3]),

wr hg Rk 2d wr hi

(r) - “FR K K
L (0,1/)) - Wk hF RF - 27«@ WK hFU) I(RK(T]))

Also, for 1, we have 75(to) > r and ey,n = 0 since egou; ™™ = (ey,)(1 — T)us =
Ou; = 0. These properties of 77 show that we have established the following fact.

PROPOSITION 3.1. Under the assumption that |S| > r + 1, we have eg/p =
%%Z_’Z” € QA" Uk,s for the relative quadratic extension K/F when exactly r

primes of S split in K, and ex/p = 0 when more than r primes of S split in K.

We now derive an equivalent expression for ex,r which will be useful in the
sequel. Still assuming that exactly r primes of S split in K, let
o Up ={ueUk:u't" =1}
® v1,...,v be a basis for Uy, modulo torsion.
Note that the rank of U is r since it is the kernel of a homomorphism from
Uk, of rank 7’ +r — 1, onto a subgroup of Up which contains Uz = UII,J”, hence is
of rank v’ — 1.

Since wz, . .., u, represent a basis for Ux /uxUr modulo torsion, it is easy to
see that u;™",...,ul~" represent a basis of Uz "/uj; " modulo torsion, which is

just U}{T modulo torsion. The map 1 — 7 also gives an isomorphism between the
torsion subgroup Torg of U /uxUr and the torsion subgroup py N U " /uy "
of U}{T / ;L}{T. So the order of the latter torsion subgroup is also Q). Now we can
rewrite

n=u; "A-Auy T =+Ug Uy Tpg)vi A Ao € QA Uk s,
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and we compute
(U = Uy i) = U = Ui /Uy Tpgg : U ) =

(U : UK ) g g NUKT) = (Uge = U ) i NUET™ 2 il ™) (g < )
QIH(@, U)|/|H' @, pux)|

So
H'(G,U
yoQUCUL
[HY(G, prc)|
and
c —2_dw_Fh_K —Lg wr |H1(6’UK)|hKU A A v
KT Quiche | w2 [HVG ux) | br ' ’
Now since px is finite, we have
(B (G, )| = |HG, )| = [/ Ny ()| = o
[Nik/r(ux)l

Also, one knows from the proof of [11, Theorem IV.5.4] that

|HY(G,Uk)|hk
hr
the order of the cokernel of the natural map ¢ from Cly to Clg induced by extension
of ideals. We have arrived at the formula we sought.

= |ClK/L01F|,

PRrROPOSITION 3.2.
Let My = |Cli /tClp|. When K/F is a relative quadratic extension, |S| > r+1
and the number of primes in S which split in K/F is exactly v, we have

N, 2d
EK/F = Wic/rloare)| S Mgvi A Ay
WK 2r

Next we analyze the factor Mg = |Clg/.Clp| = |Clk,s/tClpg|.

PROPOSITION 3.3. When K/ F is a relative quadratic extension and the number
of primes in S which split in K/F is exactly r, the norm map on ideals induces a
surjective homomorphism Clg /1Clg — Clg /Cl%, and thus 2'F = |Clp/Cl%| divides
M.

PROOF. By assumption, S contains a prime, namely v,,1, which does not
split in K/F. If Hp (resp. Hp) is the class field of F' (resp. K) corresponding
to Clp = Clpg (resp. Clg = Clg,s), then all primes of S split in Hp. Thus
HpNK = F, and the restriction map from Gal(Hg /K) to Gal(Hp/F') is surjective.
By class field theory, this translates into the statement that the homomorphism
from Clg to Clp induced by the norm is surjective. Our conclusion follows by
composing this homomorphism with the projection onto Clg/ Cl% and simply noting
that (Clp is contained in the kernel of this composition. O
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IV. PROPERTIES OF THE REGULATOR

In this section, we consider a tower of fields F¥ C K C L and suppose that we
have fixed a choice of a prime t; of L above the prime v; of F foreach ¢ =1,...7.
The r-tuple W = (w4, ...,1,) was used to define the regulator map Ry = Rrw
for L/F. Then we naturally define w; to be the prime below tv; in K, and use
W = (w4,...,m,) to define the regulator map Ry = Ry w-

Now let H = Gal(L/K) so that G = Gal(K/F) = G/H, and let 7 = 7,/ be
the restriction map G — G. For v € G, we write ¥ = 7(y). Then 7 extends to a
C-algebra homomorphism C[G] — C[G].

The norm map N : Uy, — Uk induces N = ATN : AU — AUk

LEMMA 4.1. Foru € CA" Uy, we have

mryi(Ri(u) = R (N (w)).

ProoOF. By C-linearity, it suffices to prove equality when v = u3 A --- A u,,
with each u; € Ur. Then

m(Ry(w) = m(det(— Y log|u] v,y ")) = det(— Y _ log|u]|w,7 ")

veG vEG
=det(— Y Y loglufTw,m ) =det(— > log|N(ui)|w,7 ")
orep G/HTEH o rep G/H
=det(— Y log|N(u) w7 ") = Rx(Nua, ..., Nuy) = R (N (w)) O

7eG

COROLLARY 4.2. Suppose that u € CA" Uy, is the image of ug € N"Ug . Then
7k (Re(u)) = (L: K)" Rk (uk).

ProOOF. By C-linearity again, we may assume that ug = u; A --- A u,, with
each u; € Ug. Then by the Lemma,

T k(Re(w) = Re(NO () = R (N (g A=+~ Auy)) =
Ri(N(u) A+ AN(U,)) = R (uf™ A puFF) =
RK((L . K)T’U,K) = (L . K)TRK(UK). |:|

COROLLARY 4.3.
N®(er/p) =ex/r

ProOF.
First, for x € G, let ¥ = x o 7 denote its inflation to G. Then using the lemma
and the inflation property of Artin L-functions, we have:

XRx(ND(er/p))) = x(n(Re(er/r)) = X(Re(er/r)) =
L0, = L0, x7).

Since this holds for all y, we see that N (g, /) satisfies the evaluation property
of EK/F .
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To check the eigenspace property of ek, we consider x such that rg(x) > r
and show that e, NV(ez,r) = 0. Now rg(x) = rs(X), so eger/r = 0. Hence
OZN(T)EXEL/FZEXN(T)EL/F in CAN"Ug. [l

Now we fix the setting which will be of most interest to us for the rest of this
paper. From now on:
G = Gal(L/F) will be isomorphic to (Z/2Z)™, for a fixed positive integer m
K, fori=1,...,2™ — 1 will be the quadratic extensions of F' in L
Ty =TL/K;
€; = €k, /r, and use the same symbol for its image in C A" Uy.

[—(2m — 2)27T€F/F + (51 + -+ Eszl)]

=y

Here L/F is what we call a multi-quadratic extension: the field L is the com-
posite of (m of) the quadratic extensions K; of F.

REMARK. Under our standing assumption that |S| > r + 1, we actually have
erp/p = 0. The results of this section are written so as to be walid even when
|S| =r+1.

COROLLARY 4.4.
mi(R(e)) = R, (e:)-

Proor. Let N; = Np/,. Using Lemma 4.1, we have

@ N m(RL(e) = (2" R, (N7 (¢)) =

— @™ =227 R, (N (er/p)) + > Ric, (N] (&)

Note that for j =1,
R (N[ () = Ric(L: Ki)'e) = (L Ki) R, (1) = (2771 R, (<)
Now consider a term with j # ¢. In this case, we have
Ng/)K].KI. (er/r) = (277%) (eryr),

so altogether these terms contribute (2™ — 2)(2™ )" Rk, (er/r). Finally, the re-
maining term contributes

— (2™ = 2)2 "Ry, (N (epyr)) = —(2™ — 2)27 "R, (2™ 1) ey r)
= (2™ =227 2" ) Ry, (er/r) = (27 — 2)(27 ) R, (er/5),

leaving the desired result. O

PROPOSITION 4.5. € = ¢€/p.
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PRroor. Let x € G. The image of x is cyclic, so the kernel of y contains one of
the subgroups H; = Gal(L/Kj;) fixing a quadratic extension K; of F in L. Thus x
is the inflation of a character x on G/H;. That is, Y = yom;, where 7; is the natural
projection of G on G/H;. Then using Corollary 4.4 and the inflation property of
Artin L-functions, we have

X(Rr(e)) = x(mi(R())) = x(Ri, (1)) = LV (0,x ™) = LIV (0, 7).
This holds for all y € é, so ¢ satisfies the evaluation property of e/
Now we check the eigenspace property of €7,/r. Suppose x € G has 7(X) > r.
As above, we know that x = x o m; for some fixed i. Then r(x) = r(x) > r, so
exg; = 0 in C A" Uk, and hence its image in C A" Uy, is eye; = eye; = 0. Now
consider ege; for j # i. Then we may choose 7 not in H; but in the kernel of x.
Hence 1 + 7 acts as the norm Nk, /r on K;. Then

2ese; = (1+X(1)ege; = (1+7) exe; = ex(1+7)e; = exepyr,

s0 eg(ej —27"ep/p) = 0. Summing this over all j # 7 and combining with the term
2ege; = 0 gives 2"ege = 0. O

Proposition 3.1 and Proposition 4.5 immediately imply the truth of the rational
Stark Conjecture St(L/F, S,r) of [11, I.5.1] for the multiquadratic extension L/F.
This result is already known to be true, for example, because all characters of G
are rational, and so the main theorem of [9] applies. Thus our goal is to prove the
stronger, integral Stark-type Conjecture C(L/F,S,r) of Popescu. We will do so
under some additional hypotheses.

V. KUMMER THEORY

Our standing assumption is that K/F is a relative quadratic extension unram-
ified outside of S in which all primes in V' C S split completely. The results of this
section deal specifically with K for which exactly r primes in .S split completely,
namely those in V. Since S is fixed, Ux denotes the S-units of K, and Uy, denotes
the subgroup of elements u whose relative norm u'*7 to F equals 1.

LEMMA 5.1. When ezactly r primes of S split in K, we have
Ux/(Ug)?| =27
Proor. We have observed in section 3 that the free rank of U, is r. Clearly
—1 € Uy, so the cyclic torsion subgroup of U, contains 2-torsion. Thus

Use/ Ul = 27+,

Now let :
e mg = H v;, a formal modulus for F' defined as the product of all primes in S.

i=1

e L = Lg be the composite of all quadratic extensions of F in C with relative
discriminant dividing 4mg. This may also be described as the maximal multi-
quadratic extension of F' with conductor dividing 4mg.
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Now return to the setting of a tower of fields F ¢ K C L, with L/F multi-
quadratic. Suppose that K is one of the relative quadratic extensions of F' in L
with the property that exactly r primes of .S split in K.

Let:

o 2° =|Uy/(Ux NU})|
o 20 = |(Ug NUR/ (Ui N 122)]
Then by Lemma 5.1,

27 = Uk /(Ug )?| = 271U )* (g N i2)/ (Ug)?| = 27 (e 0 1)/ ()]
We record the following corollary for future reference.

COROLLARY 5.2.
2040 = 2"/ (e N i)
Two other results we will need are straightforward modifications of those found
in [2]; summarized in the following Proposition.

PROPOSITION 5.3.
1. The field £ = Lg contains L(1/Ug).
2. [Lg: F]=2rrS)+ISI

LEMMA 5.4. Suppose that exactly r primes of S split in K. Thenrp(S)+|S| >
a+m.

PRrROOF. By the first part of Proposition 5.3, Lg contains L(y/ U ). We simply

compute the degree of this relative extension and note that it equals 277 (5)+18[—a—m_
This will yield the desired inequality.
By the second part of Proposition 5.3, the degree of £g over F is 277 ($)+ISI The

degree of L over F' is 2. We now show that the degree of L(1/U)/L is 2%, from
which it will follow that 2¢%™ = [L(4/Uy ) : F] and the result will then be clear. But

Kummer theory gives [L(1/Uy) : L] = |[Ug (L*)?/(L*)?| = Uy /(U N(L*)?)| = 29,
since Ux N(L*)? = Uy NU#. This last equality uses the property that Uy, N(L*)? =
U?, i.e., an S-unit which is a square, is a square of an S-unit. (Note that the
situation would be different if we imposed congruence conditions on our units as
well.) O

VI. PROOFS OF THEOREMS

We now consider Popescu’s conjecture for a fixed multiquadratic extension L/F
and appropriate set S. By Proposition 4.5, e7,/r is a sum over K of terms of the
form 27,}75 K/F, where K runs through the relative quadratic extensions of F' in
L. However eg/r = 0 by Proposition 3.1 if more than r primes of S split in K.
Thus we may sum over K with the property that exactly r primes of .S split in K.
We consider €7,/ one term at a time: fix one such K.

Now consider the image of (Ux)? inside of U N U# modulo torsion. It has
index 2%, so we may choose 21, ...,z in UL, such that 22, ..., 22 constitutes a basis

ks
for Uz NUZ modulo torsion while 21, 23, ..., 2}, 22,1, ... 22 forms a basis for (Uy)?
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modulo torsion. If vy, ..., v, is a basis for U as in section 3, then v{, ..., v? forms
a basis for (Uj)?, so that

WA Az =F0 A A,

in Q A" Ur, and we may assume the sign is positive by changing z; to z; L
By Proposition 3.2 and Corollary 5.2,

N, 1
EK :EK/F — WZdMK?UI /\.../\'UT

_ |/LK//LK|2dMK2_Zl/\.”/\ZT _ mrefpl gag i/ (e O 1)
WK r

w 2a 1/\"'/\Zr;
K

so the corresponding term in ez, /p is

1 i/ (B OB oa
— IERIAPK S PL/Vgd+r pr Ao Az
gmr—r EK/F Wi K2mr+a <1 <
_ /e e 2 1
- wy, om+a 9m(r—1) 1 T

Proor oF THEOREM 2.1. We will show that this term lies in AJUp g. As this
holds for each K, we can then conclude that €7, € ATUL,s, thus completing the
proof of C'(L/F, S, r) in this situation; this is exactly the statement of theorem 2.1.
Under additional hypotheses, we will show that this term lies in AgUr s for each
K and thereby proving C(L/F, S,r) and obtaining Proposition 6.2. Theorems 2.2
and 2.3 will then follow as straightforward consequences.

First, note that the factor 215IMy /2% is integral by Proposition 3.3 and
Lemma 5.4. Hence to obtain C'(L/F, S, r), it suffices to show that

1
(1/WL)m21 NNz € /\qUL,S-

So let ¢1,...¢r—1 € Homyg(UL,s, Z[G]). Our task is to show that

1 1 - 1 ——
- —1)k det i(zi) | -z € —UpL s.
wg, am(r—D) kZ:l( ) (i#g_#kw (%)) € Urs

In fact we claim that for each k, we have

1 —
D) (#?S-Eak ‘Pi(m) % € ULs.
With the use of the following proposition, we will show that this element is actually
an integer multiple of z; in Uy, s. [l

LEMMA 6.1. Let {o; : 1 < i < m — 1} generate Gal(L/K), and let T €
Gal(L/F) restrict to the generator of Gal(K/F'). Put o = (1 —7)[[1c;cp 1 (1 +
0i) € Z|G]. Then for each i and j, we have ¢;(z;) = n; jo for some integer n; ;.
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PROOF. We suppress the subscripts on ¢ and 2. Put o(z) =3 __,n,0. Note
that 22 € Ug. Thus 1 = (22)'77 = (2177)2, 50 0 = p((2'17)?) = 2(1 + 7)¢(2), and
this implies that 0 = (1 + 7)p(z). A clear consequence of this is that n,, = —n,
for each o in G. Similarly, for each i, we have 1 = (22)'7% = (2177%)% 50 0 =
o((21791)2) = 2(1 — 0;)¢(2), and 0 = (1 — 0;)¢(z). Consequently n,,, = n, for all
o in G, and each ¢. From these identities, one concludes that n, equals a constant
integer n on Gal(L/K), and equals —n on the other coset of Gal(L/K) in G. It is
a straightforward check that this statement is equivalent to the conclusion of the
Lemma. O

CONCLUSION OF PROOF OF THEOREM 2.1. Consider the (r — 1) by (r — 1)
determinant det ¢;(z;): we now know that we can factor a out of each row, yielding
(det n; j)a"!. We need to determine the action of this element on the image of zj
in [/]_L\/S

Again, 2} € Uy for some positive integer ¢y, and hence 1 = (27)
Dividing z,% by both sides of this equality gives

() = (")

which shows that (1 —7) -2, =22, in l/]z/g Similarly (14 0;) -2, =22k in l/]z/g

1+7 _ (Z;+T)2.

fori=1,2,...,m — 1, because o; fixes K. We conclude that « -z = 2™z, and
hence a1 -z, = (2™) "1z in Up s.

Finally
;( det ©i(z)) 2k = ;( det n;;)(2™) "z = ( det nij)-z
om(r—1) i opr, TINET om0 iy ek T gk )R
which lies in 6;;, as desired. This completes the proof of Theorem 2.1. O

PROPOSITION 6.2.

For each relative quadratic extension K of F' in L having exactly v primes of
S split in K, let
_|pe /(g )| 21517 Mg
- 2 om+a ?
and suppose that either cx is integral or cx is half-integral and a = r + 1. Then
C(L/F,S,r) holds.

CK

PROOF. From the proof of Theorem 2.1, we see that each of the two factors of
ck is either integral or half-integral. The current proof is similar to that of Theorem

2.1, except that we do not omit the integral factor |u7 /(py N u%)|%, and must

show that we obtain an element of UEE)S rather than just 6;/5 So it suffices to
show that

- 2151 M wg g/ (e N pd)| 2197 M
|#%/(#Kﬂ#%)|wzk = E|/LK/#K| = 12( L gmta %
wr, _
= E|NK//LK|CKZI%

lies in UgPy. Recall that, in f];;, we have 27 = yj, where yj, is an element of Ug.

Thus our element is the image in ﬁ;; of yL”K/”;‘chwL/wK.



POPESCU’S CONJECTURE IN MULTI-QUADRATIC EXTENSIONS 13

When a = r + 1, we see in Corollary 5.2 that b = 0. This implies that zj is
already the image of an element y € Uy, and we may instead simply take yr = zx

in l/]z/g So in the case where cg is half-integral, our element is the image of
y|l"K/l";(|(2CK)wL/’LUK
k .

In either case, we claim that yL“ AL T UpPg, and the result clearly
follows. So we show that the wp-th root yL“ gl generates an abelian extension

of L. Indeed, yL“ <l /wse generates an abelian extension of K. We repeat the
argument found in [11, p. 105]. Choose an integer n, such that 7 —n, annihilates
WK, where 7 is again the generator of Gal(K/F). By [11, Proposition IV.1.2],

it suffices to check that (yL“K/“M)T*"T e Ugk.

Now on py, 7 acts as —1. So —1 — n, annihilates pj, |pr/prl(—1 — n;)
annihilates p1x, and consequently |pux /py|(—1 —n,) = witi for some integer tx-.
Finally, using the fact that y, € Uy, we have

(yLﬂK/“}UT*"r _ (y;*"T)WK/“;(' _ y](cflfnq—)mk/#;d _ y]thU)K c U;K

This completes the proof. (I

PrROOF OF THEOREM 2.2. We will apply Proposition 6.2. So fix a relative
quadratic extension K of F in L with exactly r primes of S splitting in K, if
such exists. We have observed that each of the two factors of ck is integral or
half-integral. We have also observed from Corollary 5.2 that a <r +1

If a = r + 1 for this extension, we need only show that ck is half-integral by
showing that one of the factors is integral. The second factor 2/51=1 Mg /27 is
an integer multiple of 2511477 (S) jgmta — 9lS|=1+47r(S) jomtr+l 1y Proposition
3.3. Clearly this is integral and we are done unless |S| — 1+ rp(S) < m+7r+ 1.
In this eventuality, our assumption forces |S|+ rp(S) = m+r+ 1, and we then
have additional hypotheses. Under these hypotheses, we consider the first factor
|7/ (e Np? )| /2 of ek in the proposition and show that it is integral. The quotient
group in question is clearly cyclic of exponent 2. Since clearly —1 € puj, the
hypothesis v/—1 ¢ L implies that this group is non-trivial, and hence has order 2.

Now suppose that a < r. Our hypothesis |S| — 1 +rr(S) > m + r implies that
the second factor 2/51=1 My /2™ % in Proposition 6.2 is an integer, by Proposition
3.3. Indeed it is twice an integer unless a = r. When it is twice an integer, this
makes ck integral, as the first factor is half-integral or integral. When it is not
twice an integer, we must have ¢ = r and |S| —1+rp(S) = m+r, in which case we
have still made the additional assumptions which imply the integrality of the first
factor. This completes the proof of Theorem 2.2. (I

PROOF OF THEOREM 2.3. Again we will apply Proposition 6.2, first fixing
a relative quadratic extension K of F in L with exactly r primes of S (namely

v1,...,0,) splitting in K, if such exists.

Order the remaining d 4 1 primes of S so that v,41,...,0,44+1—¢ are the finite
primes of L/F', where t > 1 is the number of ramified infinite primes of L/F. (Recall
that S contains all infinite primes of F'.) The primes 0,41, ..., 0,14+1—¢ have unique

primes P,41, ..., Pr+q lying over them in K. For 1 < i< d+1—t, let D; be the
decomposition group and I; be the inertia group for v,4; in L/F. Now D;/I; is
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cyclic and hence has order at most 2, which is the exponent of G = Gal(L/F’). Also
I; is cyclic by the assumption of tameness which means that the higher ramification
groups are trivial. Thus I; also has order 1 or 2, and D; has order dividing 4. The
decomposition group of v; in K/F is the restriction of D; to K ([1, p. 99]), and
this restriction is not trivial, since we know that v,.; does not split in K. Hence D;
is not contained in Gal(L/K), and D, = D; N Gal(L/K) # D;. Thus the subgroup
D} of D; has order 1 or 2. But D} is the decomposition group of p,; in L/K.

Let D be the subgroup generated by Dj,...Dj, ,_,. Thus D has order di-
viding 291~ Let LP be the fixed field of D in L. Thus p,41,...,Pprrds1—¢ split
completely in LP /K and [L : LP] = |D| divides 241~ so [LP : K] is an integer
multiple of 2m—1=(d+1-t) — 9gm—d+(t=2) The ¢ infinite primes Pridia—t, - . -Pridr1
are necessarily complex, and so also split in L” /K. Finally, the remaining primes
of Sk lie over those in V' which split completely in L/F, so these also split com-
pletely in L” /K. We conclude that all primes of Sk split completely in L” /K,
and no primes ramify as S contains all ramified primes of L/F.

Thus LP /K is an abelian unramified extension in which all primes above those
in S split completely. By class field theory, the Artin map induces a homomorphism
¢ from Clg s onto Gal(LP /K). If v is a prime ideal of F' which is unramified in
L/F, we know that the Artin map applied to its extension p in K gives the square
of the Frobenius of v in L/F ([1, p. 99]). But every square in G is trivial, so
t(Clp,g) lies in the kernel of the homomorphism ¢. Thus Mg = |Clg,s/t(Clpgs)]| is
an integer multiple of |Gal(LP /K)|, which is an integer multiple of 2™~ 4+(t=2) Tn
other words,

MK/2m7d+(t72) — 2T+dMK/2m+T2t72 — 2|S|71MK/2m+T2t72

is an integer.

Thus when t > 3, the second factor 2|S|*1MK/2m+a of ¢k is even when a < r
and integral when a = r+4 1. Then Proposition 6.2 completes the proof in this case.

When t = 2, the factor 2/5I=1 My /2% is integral when a < 7 and integral or
half-integral when @ = r + 1. The assumption that v/—1 ¢ L when ¢ = 2 implies
the integrality of the first factor of cx as in the previous proof. The hypotheses of
Proposition 6.2 are again fulfilled, and the proof completed in this case.

When ¢ = 1, there is exactly one infinite prime ramified in K/F. Then, by an
argument of Tate ([11,p. 98]), some finite prime, which we may assume is v,.41,
must ramify. For otherwise, —1 would be a local norm in K/F at every prime
except v,s, and hence also at v,,, which would then have to be unramified. Then
K = F(\/7), where v € F must have an odd valuation at v, since K/F is tamely
ramified at v,41. The product formula for local Artin maps in L/K ([1, p. 189)])
applied to /7 then shows that Dj is in the subgroup generated by D, ..., D/, and
hence D has order dividing 2?~! in this case. The proof is then completed as in
the case of t = 2. O

PROOF OF THEOREM 2.4. The ramified and infinite primes of L/F are con-
tained in S, so each prime in P is finite and unramified. Applying Proposition
6.2 for the set S’, we need only consider K in which exactly r primes of S’ split
completely; hence the primes of P are inert in K/F. If v € P, then the unique
prime p above it in K represents an element in ¢Clp g. Hence p represents a triv-
ial element in Clg g/tClpg. The order of this group being Mg g, we see that
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Mg,s = Mkg,s. Note also that Uy g = Ug 5. This is because u € Uy g, implies
that «'™™ = 1, while 7 fixes p, so |u?|, = [u'T7|, = 1. Thus the quantity a defined
by 2% = |Uy /(Ug N (L*)?] (see the proof of Lemma 5.4) is also unchanged when S
is replaced by S’.

We have observed that 2!SIMy /2m+¢ is integral. Now |S'| > S|, so
218 I=1 My /2m+ s integral, and indeed twice an integer if |[P| > 1. The appli-
cation of Proposition 6.2 to complete the proof now clearly proceeds as in the case
of Theorem 2.2. O
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