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Rules

Alice generates two independent random numbers, X1 and X2 from a fixed, but

hidden, continuous, probability distribution, F(x) = P{X ≤ x}.

After seeing X1, Bob has to guess if either

1. X1 < X2, or

2. X1 ≥ X2.

If Bob guesses correctly, he wins. If he guesses incorrectly he loses.

Can Bob win more than half of the time? And if so, how?



Strategy if Bob knows F(x)

Since F is the distribution for both X1 and X2,

F(X1) = P{X2 ≤ X1}.

Thus, Bob could apply the following algorithm: Given X1, compute F(X1).

1. If F(X1) < 1
2, then guess that X1 < X2,

2. Otherwise, guess that X1 ≥ X2.

Claim 1: Using this algorithm, Bob is correct
3
4

of the time.



What can Bob do if he doesn’t know F(x)?

Strategy: Bob should generate a new random number Y , from his own

distribution G(y), with support over R (i.e., a < b ⇒ G(a) < G(b)).

Then apply the following algorithm:

1. If X1 < Y then guess that X1 < X2,

2. Otherwise, guess that X1 ≥ X2.

Claim 2: Using this algorithm, Bob will guess correctly more than half of the

time.



Continuous Random Variables

A real-valued random variable is a function X : Ω → S ⊂ R,

A real-valued random variable is measurable if

{ω ∈ Ω : X(ω) < x} ∈ A, ∀x ∈ S.

We define the probability distribution of the real-valued, random variable X, as

FX(x) = P{X < x} Õ P{ω ∈ Ω : X(ω) < x},

where the subscript of FX is often ommitted if no confusion arises.

Likewise, we define the probability density of X ∈ S, as

fX(x) = d
dx

FX(x)

at all points x ∈ S where the derivative is defined.



Proof of Claim 1

P {X2 > X1|X1} =
∫ +∞

X1
f (x2) dx2

=
∫ +∞

X1
dF(x2)

= F(+∞) − F(X1) = 1 − F(X1).

P {X2 < X1|X1} =
∫ X1

−∞
f (x2) dx2

=
∫ X1

−∞
dF(x2) dx2

= F(X1) − F(−∞) = F(X1) − 0 = F(X1)



Proof of Claim 1 (cont.)

P{Bob is correct} = P
{

X2 > X1, F(X1) <
1
2

}
+ P

{
X2 ≤ X1, F(X1) ≥ 1

2

}
=

∫
{x1∈R|F(x1)<1

2}
(1 − F(x1)) dF(x1)

+
∫

{x1∈R|F(x1)≥1
2}

F(x1) dF(x1)

= F
(

1 − 1
2

F
)∣∣∣∣1

2

0
+ 1

2
F2

∣∣∣∣1

1
2

= 3
4

.



Proof of Claim 2

P{Bob’s correct|Y } = P{X2 ≤ X1, Y < X1|Y } + P{X2 > X1, Y > X1|Y }

=
∫ +∞

Y
P{X2 ≤ x1}f (x1) dx1 +

∫ Y

−∞
P{X2 > x1}f (x1) dx1

=
∫ +∞

Y
F(x1) f (x1) dx1 +

∫ Y

−∞

(
1 − F(x1)

)
f (x1) dx1

=
∫ +∞

Y
F(x1) dF(x1) +

∫ Y

−∞

(
1 − F(x1)

)
dF(x1)

= 1
2

F(x1)2
∣∣∣∣+∞

Y
+ F(x1)

∣∣∣∣Y

−∞
− 1

2
F(x1)2

∣∣∣∣Y

−∞

= 1
2

+ F(Y )
(
1 − F(Y )

)
.



Proof of Claim 2 (cont.)

Since,

P{Bob’s correct|Y } = 1
2

+ F(Y )
(
1 − F(Y )

)
,

P{Bob’s correct} =
∫ +∞

−∞
P{Bob’s correct|Y = y}g(y) dy

= 1
2

+
∫ +∞

−∞
F(y)

(
1 − F(y)

)
dG(y)

>
1
2

.
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