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Abstract: - Conditions on non-negative measures ( )tx,d r

µ  and ( ) ( )tx d tx ,,v ′σ′  are given and shown to 
be sufficient to have the inequality  
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hold for appropriate p and q, where Lu = 0  in Ω and u f
p
=Ω∂

( ) ( )II

, on several different domains Ω. The 

method of proof is that of Wilson and Wheeden [4] to use the dual operator and to establish a 
Littlewood-Paley inequality for families of functions ϕλ∑  where the ( ){ }Iϕ  are adapted to dyadic 

parabolic cubes I. The operator ∆−=
∂
∂
tL

( )tx ,′
, i.e. L is the heat operator on the right half space and on the 

semi-infinite box domain for  being Lebesgue measure.  σ
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The Heat Equation. 
In dealing with solutions to the heat equation it is 
useful to be able to estimate the gradient of a 
solution. Local estimates for averages of the 
gradient of a parabolic function are frequently 
given by energy inequalities or p-Cacciopoli 
inequalities. However, it is also important to 
establish global estimates on ∇u when u is a 
weak solution to the Dirichlet problem: 

u , in u 
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Such Bergman space estimates easily give 
sufficient conditions so that ( )Ω∂qLSu  

( Ω∂
≤ qLfc )where Su is the Lusin area integral. 

In addition one would like to know conditions on 
measures to have ( )Ω∂µ,dLqSu  ( )Ω∂

≤ ,dvLqfc . 

This can be easily done by establishing sufficient 
conditions for µ and v so that 
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Using the dual operator, as Wilson and 
Wheeden do in [4], one can establish conditions 
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on µ and v so the above inequality holds for a 
wide range of exponents p and q. The key 
estimate that allows the proof to work is to prove 
a Littlewood-Paley inequality for finite sums of 
the form  
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( ) ( )( ) ( ){ }
G∈

ϕ′ϕλ∑
IIII    ,tx where,  where ji are integers. The collection of all such 

cubes − ∞ < k < ∞ will be denoted by DP.  are a family of functions with certain decay 
properties. The fact that solutions to the heat 
equation can be dealt with by a partial 
discretization process is of major importance.  

Let ( ){ }
DP∈

ϕ
II  be a family of functions 

indexed by parabolic dyadic cubes, so that  

( ) ( )( ) 0,1 =′′ϕ∫ dt xd  tx     I  We start with the situation where the 
operator is the heat operator ∆−

∂
∂
t  on Ω = right 

half plane. The box domain,  
( ){ }Tt d i xtxR i <<∞−=<<= ,,,2,1,10:, K
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will be shown to have similar estimates hold for 
the same kind of conditions on ( ) dtxd txv ′′µ
and p and q for the heat equation. In these two 
domains the weakest conditions are enough to 
give  
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rr;, ytxd p

rr  where =xr  

( )dxx ,′   and t   1−∈′ dx R ,1R∈ ( )I −= 2l k ( )2Il  
denotes the time dimension of I which is 4−k if I 
is as above, so of course ( ) 1+= dII l

( ) ( )

 is the 
Lebesgue measure of I.  ( )II tx ,′  is the center of 
I. 

for example  does not need an A( txv ,′ ) ∞ 
assumption. Of course it is not surprising that 
this happens since the heat kernel has excellent 
decay properties for these two domains. We can 
prove the inequality (∗) for ∇  as well as for 

.  
ut

ux∇
The Littlewood-Paley inequality that 

appears here, for the heat operator on  and 
R = the box domain, is a parabolic version of 
Theorem 2.2 in [6]. Theorem 1 below gives the 
parabolic version of Theorem 2.2 [6].  

1+d
rR

The following version of Theorem 2.2. in 
“A discrete Littlewood Paley inequality” is valid:  

Theorem I. For ( ){ }
DP∈

ϕ
II  satisfying (1) – 

(3) and M > d + 1, suppose ( ) =′ txf ,  

( ) ( )II
I

ϕλ∑
∈F

 ( )tx ,′  where F  is any finite family of 

parabolic dyadic cubes. For ,0v  ≥ ( )d
locL R1∈v   

there is a constant c = c(d,M,,) so that  

 
 
The heat equation on two classical 
domains.  
Before stating and proving Theorem I we 
establish some notation:  ( ) ( ) ≤′′′∫ dtxd txv txfd ,, 2

R
 

The cubes, I, will be parabolic dyadic cubes 
in 11 RRR ×= −dd , so a typical cube is  
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Then 

3jI is the 3j-fold dilate of I , i.e. ( )=Ij3l  
 space dimension of 3( ) =Ij l3 jI and the time 

dimension is . 3( )29 Ij l jI is concentric with I.  
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can be written as a sum,  

Theorem 1 is a weighted, parabolic version 
of a discrete square function result of Uchiyama 
[3]. It was first proved for I being a Euclidean 
cube by J. M. Wilson. Although here we only 
use the parabolic version of Uchiyama's Lemma 
3.5 (see Lemma 1 below) one might note that 
both Lemmas 3.5 and 3.3 in [3] have valid 
parabolic versions.  
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To prove Theorem 1 we proceed as in the 

proof of Theorem 2.2 [6] and prove parabolic 
versions of Lemmas 2.3, 2.5 and 2.7 in that 
paper.  
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Essentially Uchiyama's proof goes through 
with dyadic parabolic cubes replacing dyadic 
Euclidean cubes; as in [6] one can have any M > 
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properties of the family of parabolic dyadic 
cubes without requiring that l or that the 
corner point coordinates of the cube be parabolic 
dyadic rationals.  
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 Lemma 2. Let m be an odd positive integer and 
 the family of all m-fold dilates of parabolic 
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same cubes) and each is a good family.  
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Proof. The only difference here from [6] 
Lemma 2.5 is the time variable. So it suffices to 
take d = 1 and I such that I . Any m-fold 
dilate of such a cube which is a parabolic dyadic 
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where { 1,,2,1,0 2 −∈ m   s K . There is a unique 
subdivision of I into four sub-cubes each of 
which is also an m2 dilate of a parabolic dyadic 
cube. Moreover each m2-dilate is exactly one 
fourth of a larger m2-dilate. To show these can be 
chosen uniquely notice that m2 j + s = 4p, 4p + 1, 
4p + 2 or 4p + 3 for some integer p. This means 
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( )









=∫

>∫
∫

∫
=











+

η

η

01

0,

log

vif

vifvQy

Q

Qv
Q

v
vev

Q Q

 
≤ C′ ( ) ⋅′∫

λ

⊆
∑∑ txv

I I
I

Ik k

,
2

F

 

and ( )
=







 ′
++

Iv
txve ,log1   C′ ( )+λ

∈
∑ 1,

2

Iv
I
I

I F
 

( ) .
2
1

2

 
Q

xfS Q

Qx 











 λ
=

∈∈
Λ ∑

G

 where the second to last inequality is from 
Holder's inequality.  

To see that Lemma 2.3 is valid for parabolic 
cubes I  we first note that the condition 






 +∫

Iv
v

I ev log

vI ⇒

 for all cubes vA I∫≤

( )dtxdA ′∈ ∞ . The proof is identical with 
the proof for Euclidean cubes.  

Lemma 2.3 is valid if D is replaced by any good 
family of cubes. Below we prove it for good 
parabolic cubes.  

Also for any η≤η  we have 









+≤








+ ηη ∫∫

II v
vev

v
vev II loglog  

 
 

 

so if  Aev
Iv
v

I ≤




 +∫ log  we have ∫  vI






 +η

Iv
ve log A≤ for any 1≤η . 

Proof of the parabolic version of Lemma 2.3: 
One uses the exponential square theorem for 
parabolic dyadic martingales. The result is true 
for any "good" family of cubes in place of dyadic 
cubes. This result implies that  Given the result of Lemma 2.3 for a good 

collection of parabolic cubes in place of D one 
can prove Lemma 3 is valid by the following 
argument of J. M. Wilson:  

{ } Sff γλ≤λ> ,2* 1C≤
2

2
−γ−ce { } f λ>*   

where  

Take ( ){ }1
1 2,2: +≤<= kk

k vIyIF

∞≤
( ) =′ txfk ,  

. Assuming 
 for all I (otherwise the result is 

trivial) and taking 
( )vIv ,1

( )txII ,
I k

′αλ∑
∈F

 we 

have 

( )txf ,* ′  
k

sup=  ( ) txfk ,′  

( )txfk ,′
i
ki I

1∑= ( )syfi
kI ,′∫ dsyd ′ i

kIχ⋅ ( )tx ,′ ,  

( )i
kIl  k−= 2  

( ) ( ) ( ) ⋅′=′′′ ∑∫∫
2

2 ,,,  txfdtxd txv txf k
k

  
( ) dtxd txv ′′,  

=
−

i
kId

1
( ) ( )( )txftxf kk ,, 1 ′−′ − i

kI 1−
χ ( )tx ,′  

( )
( )

2
1

2

2

,

,
















=′

∈′

∑
k

ik
k

ki
k

i
k

I

Itx
k I

d
txSf  ≤ C 2

k
∑ k ( ) ( ) dtxd txv txfk ′′′∫ ,, 2  

≤ C
k
∑ 2k ( ) dtxd txv

I I
kI

I k

′′⋅












 λ ∫∑ +

∈
,2 1

2

F

 We have ( ) txf ,′  ( txf ,* ′ )≤  and ( )txSf ,′  
( )dc≤ ( )tx ,fS ′Λ . The first inequality is from the 

Lebesgue differentiation theorem---valid for 
parabolic cubes; the second is proved in [5] for 
dyadic Euclidean cubes. The same proof holds 
for good parabolic cubes.  

from Lemma 2.3. Now 
( )
v

ev

I

v
v

Ik I

∫

+∫
<

log
2  
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The exponential square theorem is local, so 
for any cube  iQλ

( ) ( ) ( ){ } txSftxfQtx i γλ≤′λ>′∈′ λ ,,2,*:,  

( )
( )I
Q 

I
I

IQi l

lλ
≤

λ

∑


 

( ) ( ){ } txfQtx eC ic λ>′∈′≤ λ
γ− −

,*:,
2

2
1 . ( )

( )
2
1

2

~

2
1

2 ~



































 λ
≤

⊇
∑∑

I
Q

I QI

I

l

l  

Taking  to be the maximal good cube such 

that  and 

iQλ

>
λ
i λQf QQ

Q
2

λ
∑    Q  

, and using exactly the same reasoning as 
in the proof of Lemma 2.3 [5] we can reduce 
showing 

,22λγ≤ ,iQλ⊇/

G∈Q
( )γλ≤













 λ
≤

⊂
∑ dCC

I
C I

Qx

2
1

2

~  

( ) ( ) ( ){( γλ})≤′λ>′′ Λ txfStxftxv ,,2,*:,  

since ( )
( )( )2~

I
Q

l

l∑  is a geometric series.  

≤  (p) ( ) ( ){ }( )λ>′′ txftxv ,*:,  
to showing  

( ) ( ) ( ){ }( )γλ≤′λ>−∈′ Λ
∗

λ
txfSffQtx v  

Qk i ,,8.:,  

iQλ is maximal implies that λ≤Qf ~  so we get 

λ≤ 1.1
λ
iQf  if  ( ) 1.≤γ⋅  dCC   

Now one can show that 
( ) ( ) ( ){ }

( ) ( ){ } ( )**,,8.:
,,2,:,

*

*

γλ≤′λ>−⊆
γλ≤′λ>′∈′

Λ

Λλ

txfSffQ
txfStxfQtx 

 
Qk

k

i

k
U

 ≤  (p) v(Qk) 
where are the maximal subcubes of Q  that 
are also in G.  

kQ i
λ

by noting that if ( ) ,2,* λ>′ txf  there is a cube Q 
such that λ>Qf 2 and ( ),tx ∈′

iQλ⊆

.Q

Q⊄

 Since Q is 

maximal, Q must . Now one can show for 
any , such that Q  for any 

i
λ

iQλ

G

Q ⊆ k

∈∈ Q{

l

Qk

}iQλ

 such that Q is maximal in 

∂= , that iQQ ff
λ

− ⋅≤C ( )dC

Q

γλ 

Q

by almost 

the same proof given above for ~
=  (Q can be 

any cube, including one of the cubes in l∂ , such 
that kQQ ⊄ ). Then no such Q can be one where 

λ2>Qf  since λ≤ 1.Qf + 1.1 . So any λ = λ2.1

( )tx ,′  such that ( )txf ,* ′ λ> 2  must lie inside a 
. Also  kQ

But this last inequality follows from the fact 
that    ∞∈ Av ( ),dtxd ′ ( )txSf ,′ ( )dC≤ ( )txfS ,′Λ  
and the exponential square good λ inequality on 
the cubes Qk for Lebesgue measure (Qk are 
disjoint).  

The fact that  

( ) 22
2

λγ≤
λ

∈λ

∑  dC
I
I

IQ
I

i G

 

implies that 
≤

λ
iQf  iQQ ff

λ
−~  Qf ~+   ( )dC λ+γλ  

where ,~ iQ  Q λ   ( )=Q~l  ( ),2  Qi
λl  by the 

following estimate:  

( ) ( ) ≤αλ−′′=− ∑∫∫
λλ

IIiQQQQ dtxd txfff i ,~~  ( ) ( )
kQfftxf −⇔λ>′ ** 2,  

λ>+−+
λλ

2ii
k QQQ fff  

( )( ) ( )( )txsy II

IQ
I

QII

IQ
I

iQ
ii

,, ~ ′αλ−′αλ
∈∈

λ
λλ

∑∫∑∫
GG 

 if ( ) kQtx ∈′,  so  

( ) ii
kk QQQQ fffff

λλ
−−−λ>− 2*  

( )( ) ( )( ) dtxd dsyd  txsy III
IQ

iQQ i
′′′α−′αλ≤

∈λ λ

∑∫∫ ,,~
G

( ) ( )2
1,1~ LipII

QxIQ
 

i
αλ≤

∈∈λ

∑
G,

( )Q~l  

λ=λ−λ−λ≥ 8.1.11.2 . 
This is enough to guarantee (∗ ∗) holds.  

Given Lemma 3 one can now prove 
Theorem 1 as in [6]:  
Proof: Let  be the collection of all 3 -fold 
dilates of parabolic dyadic cubes. By Lemma 2 

jF
j

7 



The Littlewood-Paley inequality of 
Theorem 1 can now be used to prove the 
following conditions on measures ( txd , )′µ  and 
( )⋅′ txv ,  dtxd ′ to obtain the weighted inequalities 

for the heat equation on the right half plane and 
on the box domain.  

above  where each is a good 
family and no two  contain the same cube. 
Taking  and applying 
Lemma 1 to each ϕ  gives 

( ) jd

ij
13

1
+

== UF

( )txf ,′ ∑=

( ) Ctxf
I

, =′

( ), ⊆ϕ jI

( ) =′ Ctxf

ij ,G

jG

F∈I

( )I

λ
∈
∑
F

3 j I

( dM ,

ij ,G

xj ,, ′

G∈
∑

Iij ,,

i,

λ

I

, 

( )

( )IIϕ

j
3

0

−
∞

=
∑

( ),ϕ∫ I

)
∞

=
∑

ij

j3

0

),( tx′

( )I
Mjϕ

0=j

( )

=
∑

+

Ij

d

31

1

( )I
~

,ϕ ( )txj ,′Mj d

3I 3λ −

( ) jI ,

j
2
1+

~ϕ

( ) ( ) xd t ′dt

( )

xv ′, 2tx′,fd∫R
( )

ϕ
+ ~2

1 jd

λ 3I
F

)

+

=

∞

=
∑∑

3

3

10

1

Iij j

dj

dR

( )

− 3Mj

∈I∈
∑

,,ijG

( 

−3 j


 ∑

∞

=0j
d≤′′, dtxd tx ∫d

R
,MC

( )
( )

( ) ( )′, txj

( )

ϕ ,

1 ~
I

j

λ
,

3I
F

(

−

=

⋅+

+

∑
3

1

2

1

2

i

j

dj



( )

+
23 jMj

d

)

∑
,ijG

≤′′, dtxd t ++
3

1 

∞

=
∑

0
3 dj

( )

,
j

,dMC

( ) ′, txjϕ ,
~

I

j

,  

( )

λ 3I
F

xv ′

+

3 2
1

Mj
d

dtxd ′

( )

−

( )t
∈, I∈

∑
3 ,I ij

j
d

G

( )
∈

∑
Iij ,, F∈Ij3

1

G=
∑

+

i

dj3

1

++dj 13
∞

=
∑

0
dM

j
,, 

( )η−3 2Mj ,3 Ijv

( ) ( ) 3v jλ −−− 1d− 2Mj
∞

=
∑

2

I j

I

∈
∑,,d
I


F

3
0

  
Theorem 2. Suppose = ( txu ,∇ )

Ω∂∫ p
( )sytxK ,;, ′ ( )syf ,′ dsyd ′ where the kernel 

K satisfies  

( )t  

 
( ) 0,; =′′⋅Ω∂∫ dsyd syK

p
, where supp  , etc.   

So   

F∈
,  

( ) ( ) ( ) ( )( ) I, of center the is tx  ITtx for II ,,, ′∈  

( ) sytxK ′;,  ( ) ( )( )
( ) ,

;,
1

M
pH

I
I syd

I
−

−







 ′
+

l
l  

 
( ) ( ) ⋅≤′∇ −−

′
1,;, H

y I sytxK l  where the are easily seen to be adapted to 

. Now  Ij3 ( ) ( ) ( )( )( )
( ) ,

,;,
1

1−−








 ′′
+

M
IIp

I
txsyd

l
 

 

( ) ( ) ⋅≤′
∂
∂ −− 2,;, HI sytx

s
K

l  
( ) ( ) ⋅′= ∫

2

, ,  txC jI

⋅
⋅22

1

v  

( ) ( ) ( )( )( )
( )

2,;,
1

−−








 ′′
+

M
IIp

I
txsyd

l
 

where M > d + 1. 
For ( )tx,µ  a Borel measure, ( ) ,0, ≥′ txv  
( )d

locLv R1∈  and for v satisfying (W) below, 
assume for all dyadic parabolic cubes  
we have  

dRI ⊆
⋅
















⋅

∞

=
∑

22

0

2
1

3  
j

( )

⋅

+

=
∑

1

1

dj

i
xv  

( )( ) ( )
( ) ( )( )

( )

( ) .

1

,

1

1

1

,;,

p

2
dpd

q

Mp

I
ItIxtxpd

dtxd txwIT

′

++′



























 +

′′
µ

−′
′′

∫ 

l

R
 

( ) ⋅∫
2

 
R

 

( ) ( .*         I                 H
l≤ )  Using Lemma 3 this last quantity is  

Then an appropriate constant =C  
( )τ,,,,, qpdMC   exists so that  ⋅

λ
≤

I
C I

2

 

( ) ( ) ≤







µ∇Ω∫

qq txd txu

1

,,   

( )η= ,IMC   ( ) ( )
p

p
dtxd txv txf C p

′








 ′′′Ω∂∫
1

,,  
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if 1 . ∞<≤≤< qp 2

( ) ( )

p
p
p

dsyd
syv

 syTg p
′′














′








′

′ ′
Ω∂∫

1

,
1,  (W) For some ,2

p′>τ 111 =+ ′pp , there is a 

weight  so that for all dyadic parabolic 
cubes I,  

( txw ,′ )

( )[ ] ( )( )

( )
dtxd 

v

txvetxv

I
p

p
p 

I ′















′

+′
′−

′−
τ′−∫

1

1
1 ,log,  









−′=

′
⇒=

′
+ 1111 p

p
p

pp
 

Now 

 Tg  ( ) ( ) ( ) ( ) ( txd txg sytxKsy IT
I

,,,;,, µ′=′ ∫∑
∈D

)

)( ) dtxd txwI ′′≤ ∫ , . 
( )( syII

I
,′ϕλ=

∈
∑
D

 where  
So if  is a solution of ( txu , ) ( )∆−∂

∂
t  u = 0 in 

the right half plane or in the (d + 1)-dimensional 
box domain with boundary data f, then the 
condition (∗) on µ and v gives the weighted 
inequality. It should be noted that the parabolic 
version of Wilson's Corollary 2.8 [6] is valid for 
a convolution kernel of the form  

( ) ( ) ( )( ) .
1

1

2
1

q

q
d  q

IT
H

I ITdgI µ⋅







µ≤λ

′
+ ′− ∫l  

Then for K as in the theorem statement, 
( )( )syI ,′ϕ  satisfies the conditions given in (1) - 

(3) (see the estimates on K below). Using the 
result of Theorem 1 on ∑  (on supp g , 
which can be assumed to be compact in Ω, so 
only finitely many terms are non-zero) gives  

( ) II λϕ
dxΨ ( )tx ,′ Ψ= −− 1d

dx 




 ′

2,
dd x
t

x
x . 

In fact the heat kernel can be written in this form 
with the dilation factor appearing in front as  
instead of .  

M
dx−

1−−d
dx

dtxdTg p ′σ
′

Ω∂∫  

Proof of Theorem 2: Using the dual 
inequality, one needs to find conditions so that 

( ) ( )
p

dtxd tx txTg p
′








 ′′σ′ ′
Ω∂∫

1

,,  

( ) ( )ησ
λ

≤ −−−−
∞

=∈
∑∑ ;33 12

0

2

I 
I

C jdMj

j

I

I



G

 

(if p = 2).  
To estimate the Lp norm we want to find  

( ) ( )

pp

dtxdpL

dtxdTgdtxdhTg   
h

′′

′σ′







 ′σ=′σ ⋅

=
∫∫

2

2

'2/

22

1
sup  

( ) ( ) q
 

q txd txg
′′

Ω 







µ≤ ∫

1

,,  
By Theorem 1 

where ( ) ( ) p txvtx ′−′=′σ 1,,  

( ) ( ) ( ) ( )⋅′=µ∇ Ω∂Ω ∫∫ syftxd txg txu ,,,,  
dtxdhTg ′σ∫ 2  

( ) ( ) ( ) =′







µ′Ω∫ dsyd txd txg sytxK ,,,;,  

( ) ( ) ( )1,;33 12
2

>ηησ
λ

≤ −−−−∑∑   Ih 
I

C jdMjI   

and using estimates on Orlicz norms 

( )ησ ;3 Ih j σ≤ C ( ) p pj I ′′⋅η
2

2;3  the proof of this 
is due to J. M. Wilson and the identical proof is 
valid if  I  is parabolic instead of Euclidean, since 
it involves Orlicz norms, not geometry.  

( ) ( ) dsyd syTg  syf ′′′Ω∂∫ ,,  where  

( ) ( ) ( ) ( ).,,,;,,  txd txg sytxKsyTg µ′=′ Ω∫  
So applying Holder’s inequality to the last 

integral, one needs to bound the second term in  

( ) ( ) ⋅






 ′′′Ω∂∫
p

dsyd syv syf p
1

,,  

For τ such that 2
p′η=τ  (η must be > 1 so 

12 >′
τ

p  or 2
p′>τ ) by hypothesis 

( ) ( ) pp  j j IwI ′′ ≤τσ
22

3;3  so 

dtxdhTg ′σ∫ 2  
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( ) ( )pIw
I

C jdMj

j

I ′−−−−
∞

=
∑λ

∑≤
2

33 12

0

2
  

and replacing  by /4 gives 

( ) ( )pIw jdMj

j

′−−−−
∞

=
∑ 2

4 33 12

0



 

( ) ( )
p

p

IwC jdMj

j
p

′
′














≤ ⋅−−−−

∞

=
′ ∑

2

2 33 12

0
,


  

( )
( ) ( ) ( )( )( )

( )( ) ( )

p

p
IIp

d
dMp

I
txtxd

p
dtxd txwC

′

′

















+

′′
≤

++−′′′
′ ∫

2

2 1,;,
,

1

,


l

R
 

by dividing dR into parabolic annuli of 
dimension   and writing 

the sum 

( ) jI , =j3 l

∞
=0j

∞,,3,2,1,0 K   
( )∑ 21 p′−− 2Mj−3 d− ( )Iw j3  as 

( ) ( )( )IIw jjdMk

jkj

p
112

0
3\33 2 −−−−−

∞

=

∞

= 











 ′∑∑   

and making the obvious estimate on   
( here).    

\3 Ij Ij 13 −

φ=− Ij 13

So dtxdhTgd ′σ∫ 2
R

 

( )
( ) ( ) ( )( )( )

( )( ) ( )

p

p

IIp

d
dMp

I
txtxd

I

I

dtxd txw
I

′

′

















+

′′λ
++−′′′

∫∑

2

2 1,;,

2

1

,


l

R

( ) ( )( )( )p
II

I

I
txw

I
′′

λ
=∑ 2

,
2

 

( ) ( )( )( ) ⋅





µ








µ≤

′
′∫∑ q

q

ITdg q
IT

I

2

2

 

( )
( ) ( )( ) 





′ ′

+ ⋅+−
p

d

II

H

txw 
I

I 22
1

,
22

l  

( ) ( )
qq

dgdg q
IT

I

q
IT

I

′′









µ≤





















µ≤ ′′ ∫∑∫∑

22

 if 

( )( ) ( )
( ) ( )( )

( )( ) ( )
( )H

dMp

I
txtxd

Idtxd txwIT

p

p
IIp

d
q l

l

≤
















+

′′
µ

′

′ ++−′′′
∫

1

2

1

1,;,1

,
R

 

The same result is valid for  also 
 by a more general version of 

Theorem 1. The proof is almost identical with 
the proof of Theorem 2.10 in [6] and will be 
omitted.  

2≥p
( ∞<≤ qp

 
 
Estimates on the heat kernel:  
Solutions to the heat equation with boundary 
function ( )txf ,′  will be of the form  

  
where 

( ) ( ) ( ) dsyd syf sytxKtxu d ′′′= ∫ ,,0,;,, r
R

( ) ( )
0,;,,;,

=∂
∂

=
dy

d
sytx

y
WsytxK rrrr  

( ) ( ) ( ) st if 
st

yx

st
x

dd
d >













−

′−
−

−π
= + 4

exp
42

2

2
2

2

r

 

on the right half space, R , where ( )1+d
r =′ dxx ,  

=xr ( )dd xxxx ,,,, 121 −K , 1+∂ d
rR == dR

( ){ }11, RR ∈∈′ − tx t d,′x  so  in 0>dx 1+dR , 
rr( )sytxW ,;,  

( ) ( ) ( )  
st if   

st if st
yx

st
dd









≤

>








= −
−−

−π

0

exp 44

1
2

22

rr

 

To obtain the estimates on ∇ , the kernel 
to which we are applying Theorem 2 will be 
any/all of the following:  

u

( )sytx 
x
K

di
i

,0,;, ′
∂
∂

≠

r  

( )
( ) ( ) ( )









≤

>








= −
−−

−π

−−
+

st if   

st if 
 st

yx

st

xyx
dd
dii

0

exp 444

2

2
4

2

rr

 

( )sytx 
x
K

d
,0,;, ′

∂
∂ r  

( )

( ) ( ) ( )









≤

>








=
−
′−−

−π

−−
+

st if   

st if st
yx

st

xst
dd

d

0

exp 4
44

2
2

2
4

2

2 r

 and 

( )sytx 
t
K ,0,;, ′
∂
∂ r  

( )( )

( ) ( ) ( )  
st if   

st if st
yx

st

xstdxyxx
dd

ddd







≤

>








= −
′−−

−π

−+−+′−′
+

0

exp 448

22 2

2
6

2

32 r
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To show these kernels satisfy the estimates 
needed for Theorem 2 we need to estimate the 
second derivatives: 

=
∂∂

∂
sx

K

d

2

 

( )( ) ( ) ( ) ( )[ ]
( ) ( )

.
2

8
2416

2224222224
+

−π

−′−−−+−′−+−+

d
st

d
styxstdxddxyxstd r

 ( )sytx
yx

K

ij
ji

,0,;,
2

′
∂∂

∂

≠

r  

( ) .0
4

exp
2

st if  s,t for 
st
yx

≤>












−

′−−
r

 ( )( )
( ) ( ) ( )  

st if   

st if st
yx

st

xyxyx
dd

djjii









≤

>








= −
′−−

−π

−−−
+

0

exp 448

2

2
6

2

r

 
Writing all of the above in the form 

( )
( ) ( )

( )

⋅



















+








⋅









⋅−

−
−−

−

21 2
2
11

2
1

2
11 cstc M

yx
st

M

x
st

jjd

l

 ( )
di for

ii
sytx

yx
K

<

′
∂∂

∂ ,0,;,
2 r  

( ) ( )( )
( ) ( ) ( )  

st if   

st ifst
yx

st

xyxst
dd

dii









≤

>








= −
′−−

−π

−−−
+

0

exp 448

2
2

2
6

2

2 r

 
( )  

st
yx













−

′−−
4

exp
2r

 

the idea is that the exponential factor will control 
any other factor that starts to blow up. When 
( )txx d ,,′ ( )IT∈  then  so for ( )Ixd l~ ( )2

1
st −  > 

( )dj x  y ,−jx max  , we have a decay estimate of  

( )sytx
yx

K

dj
jd

,0,;,
2

′
∂∂

∂

<

r  

( )( )( )
( ) ( ) ( )  

st if   

st if st
yx

st

yxxst
dd

jjd









≤

>








= −
′−−

−π

−−−
+

0

exp 448

2 2

2
6

2

2 r

 
( ) ( )

( ) ( )
.1~1 2

12

2 l

l

l
ll

l

II
st

xx
stC

dd

⋅








 −
⋅







 −
−−

 

( )sytx
yt
K

j
,0,;,

2
′

∂∂
∂ r

( ) ( )( )( )
( ) ( ) ( )  

st if   

st if st
yx

st

xstdxyxyx
dd

ddjj









≤

>














= −
′−−

−π

−+−′−−
+

0

exp 4416

42 2

2
8

2

2 rr

( )sytx
st

K ,0,;,
2

′
∂∂

∂ r  

If  ( )st −  and jj yx −max

( )

 are both small 

compared to xd, the factor of ( )

l

l

−
−





 I
st 2

1


 can be put 

with the exponential term to get a bound of 
( ) l−

l l IC
iM, . 

( ) ( ) ( )( )( )[ ]
( ) ( )

⋅


= +

−π

′−−−++−−′−+

2
10

2

422

432

26444
dd

d

st

xyxstddstyxd rr

 

For ( )2
1

st −
j

max< jj yx −  we can write  

( ) ( )
( ) .112

1

2
ll

l

l

d
x

yxjj xyx
stst

d

jj

⋅








⋅











−
−

=−
−

−
−

 

( )

st if   

st if 
 st

yx

≤

>








−
′−−

0

exp 4

2r

 

Since the exponential ( )st
yx
−
′−−

4

2r

e  damps off any 

factor of ( )( )m 

st
jyjx

−

−
2

 with a constant depending on 
m, for t – s small compared with the spatial 
dimension on ( )dRΩ∂  the kernel is  

( )sytx
sx

K

i
,0,;,

2
′

∂∂
∂ r  

( ) ( )( )( )
( ) ( ) 












−π

−+−′−−
+
2

8
2416

422

dd
st

st dyx xyx dii
r

 

( )

( )lll

l

I

I
yx

dm
jj

C 1
,

1
⋅









≤
−

. 

( ) st if   st for 
st
yx

≤>












−

′−−
⋅ 0,

4
exp

2r
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Notice in the notation of Theorem 2 M = H =  
here.  

Altogether it is easy to see that the above 
kernels satisfy for any ( )  sy ,0,′ ,Ω∂∈  
( )∈tx,r ( )IT  

( ) ≤′  sytxK ,0,,,ˆ r  

( ) ( ) ( ) ( )( )( )
( ) ( )H

H
IIp

II
tx syd

 dHC
ll

1,;,0,
1, ⋅







 ′′
+

−

 

and their derivatives satisfy 

( ) ≤′
∂
∂  sytx
y
K 

j
,0,,,

ˆ r  

( )
( )

( ) ( ) ( )( )( )
( )

1

1

,;,0,
11,

−−

+ 






 ′′
+

H
IIp

H I
tx syd

 
I

 dHC
ll

( ) ≤′
∂
∂  sytx

s
K ,0,;,
ˆ r  

( )
( )

( ) ( ) ( )( )( )
( )

2

2

,;,0,
11,

−−

+ 






 ′′
+

H
IIp

H I
tx syd

 
I

 dHC
ll

For == ∂
∂ i  ,K

ix
Kˆ Hd  ,,,2,1 K . d 2 +=  For 

t
KK ∂
∂=ˆ .3+= dH the decay order is   
Since the parabolic dimension of 

is d + 1 there is ample decay to apply 
Theorem 2.  

Ω∂=dR

ix
K
∂
∂  is odd in the yi variable if   so di < .0=∫ ∂

∂
ix

K  

=∂
∂

t
K

s
K
∂
∂−  and the decay in K implies .0=∫ ∂

∂
s
K  

Finally 

2

2

2

2

ididd y
W

s
W

y
W

x
K

∂
∂

∑+
∂
∂

−=
∂
∂

−=
∂
∂

<
 

so 0=∫ ∂
∂

dx
K  as well. So  satisfies all 

conditions needed to apply Theorem 2.  

( sytxK ,;,ˆ ′ )

Theorem 2 for the box domain R can be 
proved using the collection of dyadic parabolic 
cubes in each side  =iS ( ):,ˆ{ txi xxi ′=ˆ  1−∈ dR  
with  or 0=ix kj x <01 1< for 

. The cubes have side length 
.  T  top half of the Carleson box in R 

closest to I, and if  the "box" 

,ik ≠
1≤

t< ∞<
=

∞−
( )I

}

1>d ( )IT

1+iS
, for I 

close to the edge joining with , will be 
truncated so that only if 

iS

( )ip Ssyd ;, ( )1;, +≤ ip Ssyd  will ( )sy,  ( )IT∈  

( )here SI i⊆ . The measures µ and ( )t,xv iˆ dtxd iˆ  
are defined in R and on  respectively. In fact 
one can use the versions of Lemmas 1, 2 and 3 
on 

iS

dR as they are, confining the conditions and 
results to the parabolic cubes in each .  iS

( ) s'Iϕ iS

( ) ji ,ϕ dR

( )( )
( )

( )( ( )

p′









+

1

p d′ +− 2 1
Iip

d
i Mp ttxd

i

S
dtxd tw

+
′,ˆ1

ˆ,

l

I

I
x

ix
′ ,;

ˆ

( )H

I

q IT








µ ∫1

PD∈I =

iS  ,2,

≤,  


 ∫ µdq




′dt,  


 ∫ C vp

=C
( ,,,, pdM C 
PD∈I

) (G2 )sK

(




±= ∂

∂
y

G1 >t 1,0  yi =

( ) =θ tx,
∞

−∞=
∑

k

(x+

( tyx −+ , )[ ] st −,tx,1

Also the  will be supported on . 
This does not create a problem with the support 
of  in Lemma 1 being on . The 

condition for µ and v will be 

( )
( )( ))

 

Cl≤  
for d

i 1=U

1
 {parabolic dyadic subcubes 

of of length ≤ , =i d,1 K . } 
The conclusion of Theorem 2 is of course 

that 

( ) ( )



∇

q

tx txuR

1

,

( ) ( )′′∂ xd tx txfRp
,

for an appropriate constant  
)τ,q  and (W) is only needed on 

.  
All that is left is to show that the kernel K 

on the box domain R satisfies the right 
conditions for applying Theorem 2. Using 
Hattemer's formulas [2] for the heat kernel on R, 
in the case of , 2R⊆R

( ytxsytx ii ,;,,;, =  

)
≤ st fi   

sif  sytx i

0
,;,   for . 

The sign will be chosen in this paper to 
correspond to the inward normal derivative. For 

 
tπ4

1 ){ }[ ]t
k

4
2 2

exp −  we have  

( ) ( )syx syG θ−−θ=
2
1,;  
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( ) =
∂
∂ stx

x
K ,0;,  

( )
⋅

−π
=

∞

−∞=
∑

stk 4
1

2
1  

( )
( )

( )
( )
( )










≤

>




















−

∞

−∞=−π
−

+−

−

+∑

st if   

st if   
kst

st
kx

st

kx

0

4

22
2

2

2

2
3 exp

2
1

2

1

 
( )

( )
( )

( ) 























−
++−

−












−
+−−

st
kyx

st
kyx

4
2exp

4
2exp

22

f

or t > s, so 
and at y = 1 

( )
( )

⋅
−π

=
∂
∂

∞

−∞=
∑

st
sytx

y
G

k 2
1

2
1,;,1  ( ) =

∂
∂ s tx

x
K ,1;,  

( )
( )

( )
( )


















−
+−−

⋅
−
+−

st
kyx

st
kyx

4
2exp

4
22 2

 
( )

( )
( )

( )
( )










≤

>




















+−

∞

−∞=−π
−
+−−

−

+−∑

st for  

st for  
kst

st
kx

st

kx

0

4

221
2

2

21

2
3 exp

2
1

2

1

utFor ∇  at y = 0,  

( )
( )

( )
( ) 


















−
++−

−
++

+
st

kyx 
st

kyx
4

2exp
4

22 2

for t > s. 

( )
( )

⋅
−π

=
st

stxG
4

1,0;,2  ( ) =
∂
∂ s tx

t
K ,0;,  

( )
( )

( )
( )

⋅












−

+
+

−

+






−

π
=

∞

−∞=
∑

2
7

2
5

4

22
2
3

4
1 3

st

kx

st

kx
k

 ( )
( )

( )
( ) st for

st
kx 

st
kx

k
>













−
+−

−

+
∑
∞

−∞= 4
2exp2 2

 

( )
( ) or st for  s,t for 

st
kx ≤>













−
+−

⋅ 0
4

2exp
2

 ( )
( )

⋅
−π

−
=

st
stxG

4
1,1;,2  

( )
( )22
1,0;,

st
s tx

t
K

−π
=

∂
∂  ( )

( )
( )

( )

















−
−+−

−

−+
∞

−∞=
∑

st
kx 

st
kx  

k 4
12exp12

2
1 2

2
1  

( )
( )( )

( )
( )

⋅












−

+
−

−

+
=

∞

−∞=
∑

st
kx

st

kx
k 4

2
2
3

4

2
2
3

3

 ( )
( )

( )
( ) 


















−
++−

−

++
+

st
kx 

st
kx  

 4
12exp

2
12 2

2
1  

( )
( ) s.t for   s;t for 

st
kx ≤>













−
+−

⋅ 0
4

2exp
2

 

( )
( )

( )
⋅

−
+−

−π
=

∞

−∞=
∑

st
kx

st k

21
4

1  
The formulas for y = 1are similar to those at 

y = 0, so only the ones for y = 0 will be 
calculated from now on.  

( )
( ) st for  s,t for 

st
kx

≤>












−
+−−

⋅ 0
4

21exp
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To see that 0=∫ ∂

∂
t
K  and 0=∫ ∂

∂
x
K  note that 

=∂
∂

t
K

s
K
∂
∂−  and  

At ,0=y ( ) =stxK ,0;,  

( ) ( )

( )
( )










≤

>






−

+
∞

−∞=
⋅

−π
−

+−∑

st for 

st for  

st

kx

kst
st
kx
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for d i ,,2,1 K= . The decay and smoothness of 
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This is the right smoothness for applying 
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So putting M = d + 2  and H = d + 2 for 
ix

K
∂
∂   and 

M = H = d + 3 for t
K
∂
∂  means that the estimates 

needed to apply Theorem 2 are valid. 
 
 
References 
[1] Doob, J. L. Classical Potential Theory and 
its Probabilistic Counterpart, Springer Verlag, 
New York, 1984.  
[2] Hattemer, J. R., Boundary behavior of 
temperatures I, Studia Math. XXV, 1964, pp. 
111-155.  
[3] Uchiyama, A., A constructive proof of the 
Fefferman-Stein decomposition of ( )nRBMO , 
Acta Math. 148, 1982, pp. 215-241.  
[4] Wheeden, R. L., Wilson, J. M., Weighted 
norm estimates for gradients of half-space 
extensions, Indiana U. Math. J. 44, 1995, pp. 
917-969.  
[5] Wilson, J. M., Weighted norm inequalities 
for the continuous square function, TAMS 314, 
1989, pp. 661-692.  
[6] Wilson, J. M., A semi-discrete Littlewood-
Paley inequality, Studia Math. 153, No. 3, 2002, 
pp. 207-233. 

 


